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1�Ù ��Ü6���nØÄ:

�ÙES��§¤I����Ü6���nØ�Ä��£"��§b�

Æ)®²ÆSL��Ü6§¤±�Ùòé{ö§==´�
ES"

§1.1 ���ó��{!��ínXÚ

�!���ó

�����óL´�
¢cÎÒ!¼êÎÒ!~�ÎÒ�8Ü"ù
ÎÒ
¡�L��Ü6ÎÒ"��^P; P0; P1��¡¢cÎÒ§F; F0; F1��¡¼êÎ
Ò§c; c0; c1��¡~�ÎÒ"z�¢cÎÒ!¼êÎÒk§��ê¶~�ÎÒ

�±À�0�¼êÎÒ"L�����ó�Äê½Â�kLk = max f@0; jLjg§Ù
¥jLj�8ÜL�Äê"L¡����ê�ó§bXkLk = @0"�óL0´L�)
ä½*Ü§bXL � L0"d��¡L´L0���"
�!���ó��Úúª

�����ó��Úúª´dT�ó��Ü6ÎÒÚÙ§�
�½�Ü

6ÎÒ�¤�ÎÒG§ù
�½�Ü6ÎÒ�)§C�ÎÒv0; v1; v2; :::§Ü6

~�:;!;8§9ÏÒ;Ú)l(; )"��^x; y; z��¡C�ÎÒ"
�����óL��48/½Â�µC�´L��¶XF´L�n�¼êÎ

Ò§t1; :::; tn´L��§KF (t1; :::; tn)�´L��"L�úª48/½Â�µXP´L�n�
¢cÎÒ§t; s; t1; :::; tn´L��§K(t � s) ; P (t1; :::; tn)´L�úª£q¡�f
úª¤¶X'; ´L�úª§x´?�C�§K(:') ; ('!  ) ; (8x')´L�úª"
Ø�)ÜÂ�)l��Ñ"��^t; s��L�§̂ F1i1'; ; �; ���Lú

ª"X���tÑyu,���s¥§K¡t�s�f�¶X��úª'Ñyu,

��úª ¥§K¡'� �fúª"

·K 1.1.1 £C&K1.3.4¤1L�úª8�Äê´kLk"
n!gd!�å!�\

�úª8x'3úª ¥,?Ñy§Kd?Ñy�þc8x�`��d?Ñy
�fúª8x'§T`�¥�C�x�Ñy¡��þc8x�å§́ x3 ¥��å

Ñy"��C�x3��úª ¥��?Ñy´gdÑy§bX§Ø3?Ûþ

c8x�`�¥"x´ �gdC�§bXx3 ¥��k�?Ñy´gdÑy¶
x´ ��åC�§bXx3 ¥��k�?Ñy´�åÑy"¡�téúª'¥

�C�x�gd�\§bX^tO�'¥�C�x�¤kgdÑy�§t¥�C

�Ø¬�'¥�þc�å"d�^' [t=x]L«ù���\�(J"·��½§

^ù�PÒ��gd�\ù�^�o´÷v�"aq/§̂ s [t=x]L«^tO

��s¥�C�x�¤kÑy�(J"' [t1=x1; :::; tn=xn]§s [t1=x1; :::; tn=xn]L

«^t1; :::; tnÓ�/©OO�x1; :::; xn�¤kgdÑy�(J"�úª8x'3
1=Chang&Keisler, Model Theory¥�·K1.3.4"eÓ"

7



8 1�Ù ��Ü6���nØÄ:

úª ¥,?Ñy§ò ¥d?Ñy�8x'O�¤8y' [y=x]�¤��(J§¡
� ����åC�´i"

t (x1; :::; xn)L«�t¥Ñy�C�Ñ3x1; :::; xn¥¶' (x1; :::; xn)L«úª'�

gdC�Ñ3x1; :::; xn¥"5¿§ùpvk�¦¤kC�x1; :::; xn(¢Ñ3T

�½úª¥Ñy§=#Nùpx1; :::; xn¥�¹õ{�C�"̂ ù
PÒ�·

��½§x1; :::; xn�´ØÓ�C�"d�t [t1=x1; :::; tn=xn]qP�t (t1; :::; tn)§

' [t1=x1; :::; tn=xn]qP�' (t1; :::; tn)"'L«8x1:::8xn'§Ù¥x1; :::; xn´úª'�
¤kgdC�£�^Sü�¤¶'¡�'�4�"vk?ÛgdC���é¡�

�é"Ø¹?Ûþc�úª¡�múª"

±þ'u���ó��{VgÑ�±^48½Âî�/½Â"

o!Ð©��½Â�Ü6~�

±þ�½
:;!;8�Ð©Ü6~�§Ù§Ü6~�_;^;$;9��^½Â
Ú?µ(' _  )½Â�(:'!  )§(' ^  )½Â�: ('! : )§('$  )½Â�('!  )^
( ! ')§9x'½Â�:8x:'"�k��
8By²��B§·�¬b�:;^;9�
Ð©Ü6~�§Ù§Ü6~�Kd:;^;9½Â"
Ê!��ínXÚ

�±kéõ«�ª�E�����ínXÚ"ùpÀJ���~^�ú

nXÚ"��úª¡�­óª§bX§�±d��·KÜ6­óª^���

óúªO�Ù¥·KC���"

��Ü6ún�¤kXe/ª�úªµ

1. ­óª¶

2. 8x ('!  )! ('! 8x )Ù¥xØ3'¥gdÑy¶
3. 8x'! ' [t=x]Ù¥t�éúª'¥�C�xgd�\¶

4. x � x;

5. x � y ! t � t [y=x] ;

6. x � y ! '! ' [y=x] :

��Ü6ín5K�

1. ©l5K£Modus Ponens¤µl';'!  íÑ ¶

2. V)5Kµl'íÑ8x'"
��´��úª8"lcJ8��úª'�y²´��úªS�'1; :::; 'm§

¦�Ù¥z�'i�o´��Ü6ún§�o´cJ8�¥�úª§�o´dS

�¥c¡�úª^©l5K½V)5KíÑ§
�'m = '"d�P� ` '§¡
lcJ8��í�'"? ` '�P�` '"éy²�8B�y
·K 1.1.2 £üÌ½n¤X� [ f g ` '§
�k��lcJ8� [ f g�ú
ª'�y²§¦�Ù¥¤^�V)5K¥�V)�C�ÑØ´ �gdC�§

K� `  ! '"AO/§ ´�é�§X� [ f g ` '§Kok� `  ! '"

5¿µdu¤ÀJ���ínXÚ´kV)5K�XÚ§üÌ½n¥I

�'uV)5K�^�"



§1.2 ���ó��. 9

íØ 1.1.3 £�y{�n¤� ´�é§�� [ f: g ` '§� [ f: g ` :'§
K� `  "
|^üÌ½nÚ�y{�nN´�Ñ�
~���í�'X§ùpÑ�

[!"

8!��5

úª8�¡����§bXØ�3'¦�� ` '�� ` :'"du��lc
J8��úª'�y²¥�õ��9�¥�k��úª§w,§��úª8�´

���§��=���z�k�f8´���"

�¡�4����§bX�´���§
�é?Û�é =2 �§� [ f gØ
��§=� ` : "w,§�´4����§��=��´���§
�é?Û
�é § 2 �½ö: 2 �"
Ún 1.1.4 £LindenbaumÚn§C&K1.3.11¤?Û���óL�z����
�é8��*Ü�4�����é8"

y²µ�kLk = �§�L�¤k�é�'�; � < �"�¡48/½Â��X

eµ�0 = �¶���®½Â§X�� [ f'�g��§K-��+1 = �� [ f'�g§ÄK
-��+1 = ��¶é4�Sê�§-�� = [�<���"d½Â§w,z�����§Ï
d����"�� < �¦�'� =2 ��§K'� =2 ��+1§¤±§d½Â§�� [f'�gØ�
�§¤±�� [ f'�gØ��"¤±��´4����"5¿µXL´�ê�ó§K
ù�y²¥^���¡8B´ÊÏêÆ8B{"y."

§1.2 ���ó��.

�!���ó��.

���óL��.�kSéA = hA; Ii§Ù¥A´����8Ü§¡�T
�.��N�§I´½Â3Lþ���N�§¦�éL�z�n�¢cÎÒP§
I (P ) � An§éL�z�n�¼êÎÒF§I (F ) : An ! A§éL�z�~�Î
Òc§I (c) 2 A"I (P )!I (F )!I (c)�P�PA!FA!cA§¡�ù
ÎÒ3A¥�
)º"X�óL = fP; :::; F; :::; c; :::g§KA = hA; Iik��P�A =



A;PA; :::; FA; :::; cA; :::

�
"

��óL � L0 = L[X§A = hA; Ii´L��.§A0 =


A; I [ I 0

�
´L0��.§

Ù¥I 0�½Â3Xþ���N�§K¡A0´A�)ä§�¡A´A0���"��
�.A�Äê½Â�kAk = jAj"
�!÷v'X!k�5!�÷v5

�t (x1; :::; xn)�L��§Ù¥Ñy�C�Ñ3x1; :::; xn¥§A = hA; Ii´L�
�.§a1; :::; an 2 A"�48½Â��D�tA [a1; :::; an] 2 AXeµXt´C

�xi§KtA [a1; :::; an] = ai¶Xt´~�ÎÒc§KtA [a1; :::; an] = cA¶Xt´F (t1; :::; tm)§

K

tA [a1; :::; an] = FA
�
tA1 [a1; :::; an] ; :::; t

A
m [a1; :::; an]

�
"

�' (x1; :::; xn)�L�úª§ÙgdC�Ñ3x1; :::; xn¥§A = hA; Ii´L�
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�.§a1; :::; an 2 A§�48½Â÷v'XA j= ' [a1; :::; an]XeµX'´�

ªt = s§KA j= ' [a1; :::; an]��=�tA [a1; :::; an] = sA [a1; :::; an]¶X'´�f

úªP (t1; :::; tm)§KA j= ' [a1; :::; an]��=�PA
�
tA1 [a1; :::; an] ; :::; t

A
m [a1; :::; an]

�
¶

X'´: §KA j= ' [a1; :::; an]��=�¿�A j=  [a1; :::; an]¶X'´ ! �§

KA j= ' [a1; :::; an]��=�½ö¿�A j=  [a1; :::; an]§½öA j= � [a1; :::; an]¶

X'´8xn+1 §�®��åC�´i¦�xn+1ØÓux1; :::; xn§KA j= ' [a1; :::; an]�

�=�é?Ûan+1 2 A§A j=  [a1; :::; an+1]"÷v'XA j= ' [a1; :::; an]¤á

�§¡a1; :::; an3A¥÷v'"

w,§XxiØ´' (x1; :::; xi; :::; xn)�gdC�§KA j= ' [a1; :::; ai; :::; an]é

,�ai¤á§��=�§é?Ûai¤á"X'´�é§KA j= ' [a1; :::; an]�P

�A j= '"�'Ø´�é��ÿ§A j= 'L«A j= '"A j= '¤á�¡A´'��

.§½'3A¥k�"X��L�úª8§KA j= �L«µé¤k' 2 �§A j= '"

d�¡A´���.§q¡�3A¥k�"L�úª8�¡��÷v�§XkL�
�.A¦�A j= �§=�k�."��´��úª8§'´��úª§K� j= 'L

«µéL�?Û�.A§XA j= �§KA j= '"d�¡'´��Ü6�«"? j= 'q

P�j= '"j= '¤á�¡'´Ü6k��½ÊHk��"

½n 1.2.1£��Ü6���5¤X� ` '§K� j= '"AO/§X` '§Kj= '"

X�k�.§K�´���"

n!Ó�!f�.!Ó�i\

�A!B´L��.§f : A! B"¡f�A�B�Ó�§P�f : A �= B§b
Xf´V�§
�éL�?Ûn�¢cÎÒP§9?¿a1; :::; an 2 A§

PA (a1; :::; an)��=�P
B (f (a1) ; :::; f (an)) ; (1.1)

éL�?Ûn�¼êÎÒF§9?¿a1; :::; an 2 A§

f
�
FA (a1; :::; an)

�
= FB (f (a1) ; :::; f (an)) ; (1.2)

éL�?Û~�ÎÒc§
f
�
cA
�
= cB" (1.3)

w,Ó�´�d'X"

�A!B´L��."¡A´B�f�.§B´A�*Ü§P�A � B§b

XA � B§
�éL�?Ûn�¢cÎÒP§9?¿a1; :::; an 2 A§

PA (a1; :::; an)��=�P
B (a1; :::; an) ;

éL�?Ûn�¼êÎÒF§9?¿a1; :::; an 2 A§

FA (a1; :::; an) = FB (a1; :::; an) ;

éL�?Û~�ÎÒc§
cA = cB"
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w,f�.'X´D4�"�Lvk¼êÚ~�ÎÒ�§�½L��.A��
N��?¿f8§Ak��±Tf8��N��f�."�Lk¼ê½~�Î
Ò�ùØ�½¤á"

�A!B´L��.§f : A! B"¡f�A�B¥�Ó�i\§P�f : A �
B§bXkB�f�.C¦�f : A �= C � B"w,§A � B��=�idA : A �
B§Ù¥idA´Aþ�ð�N�"N´y²§

·K 1.2.2 f : A � B§��=�f´üN��÷vþ¡�^�£1.1¤!£1.2¤!
£1.3¤"

·K 1.2.3 �A;B´���óL��.§f : A! B"

£a¤Xf : A � B§KéL�?Û�t (x1; :::; xn)§múª' (x1; :::; xn)§9
?¿a1; :::; an 2 A§

f
�
tA [a1; :::; an]

�
= tB [f (a1) ; :::; f (an)] ,

A j= ' [a1; :::; an] i¤. B j= ' [f (a1) ; :::; f (an)] ;

£b¤Xf : A �= B§KéL�?Ûúª' (x1; :::; xn)§9?¿a1; :::; an 2 A§

A j= ' [a1; :::; an] i¤. B j= ' [f (a1) ; :::; f (an)] ;

£c¤XéL�?Û�fúª9ÙÄ½' (x1; :::; xn)9?¿a1; :::; an 2 A§

A j= ' [a1; :::; an] i¤. B j= ' [f (a1) ; :::; f (an)]§

Kf : A � B"
y²µ£a¤ét; '8B"

£b¤é'8B"

£c¤' (v1; v2)�v1 = v2�§dA j= ' [a1; a2] i¤. B j= ' [f (a1) ; f (a2)]�

�f´üN�"aq/§' (x1; :::; xn)�P (x1; :::; xn)���£1.1¤"̂ �£1.2¤!

£1.3¤�Ó��y"y."

o!Ð��d!Ð�i\

�A;B´���óL��."¡A�BÐ��d§P�A � B§bXéL�
?Û�é'§A j= '��=�B j= '"�f : A ! B§¡f�A�B¥�Ð�i

\§P�f : A 4 B§bXéL�?Ûúª' (x1; :::; xn)9?¿a1; :::; an 2 A§

A j= ' [a1; :::; an] i¤. B j= ' [f (a1) ; :::; f (an)]" (1.4)

¡A´B�Ð�f�.§B´A�Ð�*Ü§P�A 4 B§bXA � B§�Aþ

ð�N�idA´�.A��.B¥�Ð�i\"w,§f : A 4 B§��=�

kC 4 B¦�f : A �= C 4 B§��=�kC¦�A 4 C �= B"
~ 1.2.1 hN � f0g ;�i � hN;�i§�hN � f0g ;�i �= hN;�i§�é

' (x) = 9y (y � x ^ :y � x)
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·�khN;�i j= ' [1]§
hN � f0g ;�i 2 ' [1]"¤±hN � f0g ;�i 4 hN;�iØ
¤á"

·K 1.2.4 f : A 4 B��=�f : A � B§�éL�?Ûúª9x' (x1; :::; xn; x)9
?¿a1; :::; an 2 A§XB j= 9x' [f (a1) ; :::; f (an) ; x]§Kka 2 A¦�B j=
' [f (a1) ; :::; f (an) ; f (a)]"AO/§A 4 B��=�A � B§�éL�?Ûú
ª9x' (x1; :::; xn; x)9?¿a1; :::; an 2 A§XB j= 9x' [a1; :::; an; x]§Kka 2
A¦�B j= ' [a1; :::; an; a]"

y²µ7�5µ�f : A 4 B"d·K1.2.3£c¤��f : A � B"q�a1; :::; an 2
A¦�B j= 9x' [f (a1) ; :::; f (an) ; x]§df : A 4 BAkA j= 9x' [a1; :::; an; x]"
Ïdka 2 A¦�A j= ' [a1; :::; an; a]§¤±B j= ' [f (a1) ; :::; f (an) ; f (a)]"

¿©5µé'8By²£1.4¤"'��fúª�df : A � B9·K1.2.3�
�"'�Ä½ª!%ºª�d8Bb�w,"�'´úª9x (x1; :::; xn; x)"�A j=
' [a1; :::; an]§Kka 2 A¦�A j=  [a1; :::; an; a]"d8Bb�§B j=  [f (a1) ; :::; f (an) ; f (a)]"

¤±§B j= ' [f (a1) ; :::; f (an)]"���B j= ' [f (a1) ; :::; f (an)]"db�§

ka 2 A¦�B j=  [f (a1) ; :::; f (an) ; f (a)]"d8Bb�§A j=  [a1; :::; an; a]"

¤±§A j= ' [a1; :::; an]"y."

·K 1.2.5 £1¤XA 4 B§KA � B¶
£2¤A 4 A¶
£3¤XA 4 B§B 4 C§KA 4 C¶
£4¤XA 4 C§B 4 C§A � B§KA 4 B"
y²µ£1¤!£2¤!£3¤w,"

£4¤éL�?Ûúª' (x1; :::; xn)9?¿a1; :::; an 2 A§

A j= ' [a1; :::; an] i¤. C j= ' [a1; :::; an] i¤. B j= ' [a1; :::; an]"

y."

·K 1.2.6 �A;B´�óL��.§A´k��§�A � B§KA �= B"
y²µ-

�k (v1; :::; vk) =
:v1 � v2 ^ :v1 � v3::: ^ :vk�1 � vk^
8vk+1 (vk+1 = v1 _ ::: _ vk+1 = vk)

"

K9v1:::9vk�kL«�.¥Tkk�pØ�Ó��N§ÏddAk�§Tk��k¦
�A j= 9v1:::9vk�k"ÏddA � B��kAk = kBk = ké,�g,êk"�A =

fa1; :::; akg"�P´�óL�n-�¢cÎÒ"é?¿n�|a = (ai1 ; :::; ain) 2
An§XPA (ai1 ; :::; ain)§-'P;a�úªP (vi1 ; :::; vin)§ÄK-'P;a�úª:P (vi1 ; :::; vin)"
-'P�úª^f'P;a : a 2 Ang"�F´�óL�n-�¼êÎÒ"é?¿n�|a =
(ai1 ; :::; ain) 2 An§XFA (ai1 ; :::; ain) = ain+1§-'F;a�úªF (vi1 ; :::; vin) =

vin+1"-'F�úª^f'F;a : a 2 Ang"éL�?�~�ÎÒc§XcA = ai§-

'c�úªc = vi"-

' (v1; :::; vk) = ^
�
'� : �´L�¢c!¼ê½~�ÎÒ

	
"



§1.3 ��5½n9ÙíØ 13

w,§' [a1; :::; ak]��/�x
�.A¥���¢c!¼ê�~�ÎÒ�)

º§Ïd�é

 = 9v1:::9vk (�k (v1; :::; vk) ^ ' (v1; :::; vk))

��/�x
�.A"ØJwÑ§XB j=  §�b1; :::; bk 2 B¦�B j= ' [b1; :::; bk]§

KN�f : A! B§f (ai) = biéi = 1; :::; k§¦�f : A �= B"y."

§1.3 ��5½n9ÙíØ

�!��nØ

L����é8Tq¡�L�����nØ½{¡nØ"��nØT��
.=§���é8��.§T´���!�÷v�§��§���é8´��

�!�÷v�"��nØT £́�Â¤µ4�§bXé?Û�é'§XT j= '§

K' 2 T"nØT´���§bXT´���§�é?Û�é'§�oT j= '§

�oT j= :'"L�ü�nØT; T 0´�d�§bXé?Û�é'§T j= '��=

�T 0 j= '"ü�úª'; ¡�T�d�§bXT j= ' $  "�T�L�µ4�
nØ§�óL0 � L§T3L0þ����T�´L0��é����¤�f8"�
�óL � L0§T�L�nØ§T 0�L0�nØ§�T � T 0§K¡T 0�T�*Ü§

T�T 0�fnØ"L�nØT¡��Æ�§bXT´���§�T�?Ûü��
.p�Ó�"��´��Äê§nØT¡���Æ�§bXT´���§�T�?

Ûü�Äê����.p�Ó�"nØT���ún8�?Û���é8�¦

���T´�d�nØ"T¡��k�únz�§bXTk��k��ún8"

�A´L��.§�.A�nØTh (A)�dL�¤k3A¥k���é�¤�n
Ø"w,§Th (A)´µ4�!���nØ"

~ 1.3.1  SnØµ�óLord = f�g"Lord� SnØ���ún8dXe
�é|¤

8x8y8z (x � y ^ y � z ! x � z) ;

8x8y (x � y ^ y � x! x � y) ;

8x (x � x) :

§��.hA;�i¡� S(�§Ù¥�¡�Aþ� S"�5SnØ���ú
n8dXþ�é2\þ

8x8y (x � y _ y � x)

|¤"X2\þún

8x8y (x � y ^ :x � y ! 9z (x � z ^ :x � z ^ z � y ^ :z � y)) ;

9x9y (:x � y) ;
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K��È��5SnØ"X2\þún

8x9y9z (y � x ^ :y � x ^ x � z ^ :x � z)

K��Ãà:È��5SnØ"

~ 1.3.2 �æì£Peano¤�ânØPAµ�óLPA = f0; S;+; �g"�æì�â
nØPA´LPA�nØ§§���ún8d¤kXe/ª�úª�4�|¤µ

:Sx � 0;

Sx � Sy ! x � y;

x+ 0 � x;

x+ Sy � S (x+ y) ;

x � 0 � 0;

x � Sy � (x � y) + x;

' [0=x] ^ 8x ('! ' [Sx=x])! 8x':

PA�IO�.N = hN; 0; S;+; �i§Ù¥N�g,ê8Ü§0; S;+; ��g,ê0§
9g,ê��U!\{!¦{¼ê"

�!��5½n

�T´���óL����nØ"��~�ÎÒ8C � L�¡�T�yâ
8§bXéL�?Û�õ�¹��gdC��úª' (x)§k~�ÎÒc 2 C¦
�

T ` 9x' (x)! ' (c) :

Ún 1.3.1 £C&K2.1.1)�T´���óL����nØ§C´��~�ÎÒ
8§C\L = ?§L0 = L[C§jCj = kLk§KkL0����nØT 0§¦�T � T 0§

�T 0±C�yâ8"

y²µ-� = jCj = kLk"�C = fc� : � < �g§�f'� : � < �g��óL0�
¤k�õ�¹��gdC��úª"½ÂT�§� < �§Xeµ

£1¤T0 = T"

£2¤T�+1 = T� [ f9x'� (x)! '� (c�)g§Ù¥c�´fc� : � < �g¥1��Ø
3T�9'�¥Ñy�~�ÎÒ"

£3¤é4�Sê�§T� = [�<�T�"
�±y²§é� < �§£2¤¥�c��3µ-C���é8T�¥Ñy�C¥�

#~��8Ü"KjC�+1j = jC� j+n�é,�k�ên�§�é4�Sê�§C� =
[�<�C�"Ïd§� = @0�§8B�y§é� < �§z�C�´k�8§¤±£2¤

¥�c��3"�� > @0�§é� < �8B�y§jC� j � j�j+ @0 < �"¤±£2¤

¥�c��3"

w,T0 � T1 � :::"-T 0 = [�<�T�"8B�yz�T���§ÏdT 0��"
w,T 0±C�yâ8"y."



§1.3 ��5½n9ÙíØ 15

Ún 1.3.2 £C&K2.1.2¤�T´���óL����nØ§C´��~�ÎÒ
8§�T±C�yâ8"KTk���.A¦�§�z��NÑ´C¥,�~�

�)º§=A =
�
cA : c 2 C

	
"

y²µdLindenbaumÚnTk���*Ü§§w,�±C�yâ8§Ïd

Ø��T´���"½ÂCþ��'X�Xeµéc1; c2 2 C§

c1 � c2��=�T ` c1 � c2"

éc 2 C§-ec = fc0 2 C : c � c0g§=ec´~�c¤á��da"½Â�.A =

hA; IiXeµ-A = fec : c 2 Cg¶éL�n�¢cÎÒP9?¿ec1; :::; ecn 2 A§-
PA (ec1; :::; ecn)��=�T ` P (c1; :::; cn)¶

éL�n�¼êÎÒF9?¿ec1; :::; ecn 2 A§ÏT±C�yâ8§kc 2 C¦�
T ` 9x (F (c1; :::; cn) = x)! F (c1; :::; cn) = c§

Ïd

T ` F (c1; :::; cn) = c§

-

FA (ec1; :::; ecn) = ec¶
éL�~�ÎÒd§ÏT±C�yâ8§kc 2 C¦�

T ` 9x (d = x)! d = c§

Ïd

T ` d = c§

-

dA = ec"
�±y²±þ½ÂØ�6u�daec1; :::; ecn;ec¥���c1; :::; cn; c�ÀJ"
��yA j= T"Äk§éc 2 C§w,cA = ec"éL��t (x1; :::; xn)±

9ec1; :::; ecn 2 A§dT±C�yâ8§kc 2 C¦�
T ` t (c1; :::; cn) = c:

ét�(�8B�y§d�7ktA [ec1; :::; ecn] = ec"
Ùg§éúª�(�8B�y§é?Ûúª' (x1; :::; xn)§±9ec1; :::; ecn 2

A§

T ` ' (c1; :::; cn)��=�A j= ' [ec1; :::; ecn]"
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' (x1; :::; xn)´�fúªP (t1 (x1; :::; xn) ; :::; tm (x1; :::; xn))�§kd1; :::; dm 2 C¦
�T ` ti (c1; :::; cn) = di§tAi [ec1; :::; ecn] = edi§éi = 1; :::;m"Ïd§

T ` ' (c1; :::; cn)

��=�T ` P (t1 (c1; :::; cn) ; :::; tm (c1; :::; cn))

��=�T ` P (d1; :::; dm)

��=�A j= P (y1; :::; ym)
h ed1; :::; fdmi

��=�A j= P (t1 (x1; :::; xn) ; :::; tm (x1; :::; xn)) [ec1; :::; ecn]
��=�A j= ' [ec1; :::; ecn]"

' (x1; :::; xn)´Ä½ª½Ü�ª�§d8Bb�w,"�' (x1; :::; xn)´9y (x1; :::; xn; y)"
XA j= ' [ec1; :::; ecn]§Kked 2 A¦�A j=  

h ec1; :::; ecn; edi§Ïdd8Bb�§T `
 (c1; :::; cn; d)§¤±T ` ' (c1; :::; cn)"��§�T ` ' (c1; :::; cn)§KdT±C�
yâ8§kd 2 C¦�

T ` 9y (c1; :::; cn; y)!  (c1; :::; cn; d)§

¤±T `  (c1; :::; cn; d)"2d8Bb�§A j=  
h ec1; :::; ecn; edi§ÏdA j= ' [ec1; :::; ecn]"

é�é' 2 T§w,T ` '§¤±dþ¡�(Ø��A j= '"¤±A j= T"

y."

½n 1.3.3 £��Ü6���5¤��´���óL�?¿�úª8§'´?
¿�úª"X� j= '§K� ` '"AO/§Xj= '§K` '"X�´���§K�k
�."

y²µ�T��¥úª�4��¤�nØ"����"KT��"?���~

�ÎÒ8C¦�C \L = ?§jCj = kLk§dcÚn1.3.1§T�*Ü����T 0§
±C�yâ8"2dcÚn1.3.2§T 0k�.A0"-A = A0jL§w,A j= �"q

�� j= '"b�T 0 '§KT[f:'g��"Ïd§k�.A"w,A j= ��A 2 'Ï
dA 2 '"ù�� j= 'gñ"¤±T ` '"¤±� ` '"y."
íØ 1.3.4£;�5½n§C&K1.3.22¤���é8k�.��=�§�z�

k�f8k�."

y²µ7�5w,"��é8��z�k�f8k�."Ïd��z�k

�f8´���"Ïd�´���"d��5½n§�k�."y."

íØ 1.3.5 £C&K2.1.5¤XnØTk?¿��k��.KTkÃ¡�."

y²µ�Ã¡�ØáuT��ó�#~�c0; c1; :::§-

T 0 = T [ f:ci � cj : i 6= j; i; j = 0; 1; :::g"

?�T 0�k�f8�§kn � 0¦�

� � T [ f:ci � cj : i 6= j; i; j = 0; :::ng"
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db�§Tk�.A¦�kAk > n"?�A¥n+1�ØÓ��Na0; :::; an§òc0; :::; cn©

O)º�a0; :::; an§KA)ä����."¤±"T 0�?Ûk�f8k�."d

;�5½nT 0k�.A"Aw,´T�Ã¡�."y."

½n 1.3.6£�e�Löwenheim-Skolem-Tarski½n§C&K2.1.4¤�T´�

��óL����nØ§KTk���.A¦�kAk � kLk"
y²µ���~�ÎÒ8C¦�C \L = ?§jCj = kLk§-L0 = L[C"d

Ún1.3.1§kL0�nØT 0 � T§¦�T 0���±C�yâ8"2dÚn1.3.2§

T 0k�.A0¦�§��NÑ´C¥~��)º§ÏdkA0k � jCj = kLk"-
A = A0jL§w,A j= T§
�kAk � kLk"y."
½n 1.3.7£�þ�Löwenheim-Skolem-Tarski½n§C&K2.1.6¤�T´�

��óL�nØ§�TkÃ¡�.§Ké?ÛÄê� � kLk§TkÄê���."
y²µ���ØáuT��ó�#~�c�; � < �§-T 0 = T[f:c� � c� : � < � < �g"

?�T 0�k�f8�§k�0; :::; �n¦�� � T[
�
:c�i � c�j : i 6= j; i; j = 0; :::n

	
"

db�§TkÃ¡�.A"?�A¥n+1�ØÓ��Na0; :::; an§òc�i ; i = 0; ::; n§

©O)º�a0; :::; an§KA)ä����."¤±"T 0�?Ûk�f8k�."

ÏdT 0��"d�e�Löwenheim-Skolem-TarskiÚn§T 0k�.A¦�kAk �
�"dA j= :c� � c�é� < � < �§w,kAk � �"¤±kAk = �"y."

�óL��.�¤���aK¡���Ð�a§Xk��nØT¦�K =

fA : A j= Tg"K¡���Ä�Ð�a§Xk���é'¦�K = fA : A j= 'g"
íØ 1.3.8 L�¤kk¡�.|¤�aØ´Ð�a"
y²µ�Ø,§KknØT¦�éL�?¿�.A§A j= T��=�A´k

¡�."ÏdTk?¿��k��."Ïddþ¡�íØ1.3.5§TkÃ¡�."

gñ"y."

ù�íØL²�k¡�.�ù�5�ØU^���ó��éL�"

íØ 1.3.9£C&K2.1.7¤�æì�ânØPA9��êØTh (N)k�ê��I

O�."

y²µég,ên§̂ nL«�S:::S0§Ù¥kn�S"���#�~�ÎÒc§

-

T = Th (N) [
�
:c � 0;:c � 1;:c � 2; :::

	
"

w,§T�?Ûk�f8k�.§��3IO�.¥òc)º���¿©��

g,ê"¤±Tk�ê�.A§A=�PA9��êØTh (N)��IO�."y

."

3þ¡��IO�.A¥§é?Ûg,ên§cA 6= nA"ù����NcA¡

����IOê"w,§X½Â

(x < y) =df 9z (x+ z = y ^ :z � 0)§

Ké?Ûg,ên9�IOêa 2 AAkA j= n < a§=�IOê´Ã¡ê"

,	§Ø�3úª' (x)¦�é?Ûa 2 A§A j= ' [a]��=�a´A¥��IO



18 1�Ù ��Ü6���nØÄ:

ê§=�IOê�!��IOê�ù
VgØU^���ó�úªL�"�Ø,§

Ké?Ûg,ên§A j= ' (n)§ÏdN j= ' (n)"¤±N j= 8x' (x)§ÏdA
kA j= 8x' (x)§¤±é?Ûa 2 AÑkA j= ' [a]§gñ"



1�Ù �.Ø�Ä��{

§2.1 �Øþc{

é��nØT§�Øþc{�8�3uy²§z�úª'ÑT�du,«

�{ü/G�úª§ddy²nØTk,«A�"y²��:~~3uy²�

±��'¥�þc§Ïdò'{z"ùp±Ãà:�È��5SnØ��~§̂

�Øþc{y²�´���nØ"�!b�:;^;9�Ä�·Kë�cÚþc§
Ù§·Kë�cÚþcd§�½Â"

Ún 2.1.1£C&K1.5.1¤�T´��nØ§�´��úª8§¡�Ä�úª8"

�yz�úªT�duÄ�úª���Ù�|Ü§��y£i¤z��fúªT�

duÄ�úª���Ù�|Ü¶£ii¤X�´T�duÄ�úª���Ù�|

Ü§K9x��´T�duÄ�úª���Ù�|Ü"
y²µéúª�(�8B"y."

-Ä�úª�vm � vn; vm � vn§m;n = 0; 1; :::"-

(vm < vn) =df (vm � vn ^ :vm � vn)"

C�v0; :::; vn���ü��òv0; :::; vn±?Û�«�ª­#ü�x0; :::; xn��

E���úª = �0 ^ ::: ^ �n�1§Ù¥�i�±�xi < xi+1½xi � xi+1"é?

Û�5S�.A = hA;�i9?¿a0; :::; an 2 A§a0; :::; an÷vC�v0; :::; vn��
�ü� "��òa0; :::; an�^S�­#ü�§�A�C�v0; :::; vn�ü� =
�a0; :::; an÷v"

Ún 2.1.2 � ´C�v0; :::; vn���ü�§Ké?Ûmúª' (v0; :::; vn)§� `
 ! '½ö� `  ! :'"
y²µ� ´C�v0; :::; vn­#ü�x0; :::; xn��E���úª" �L«

�

x0 � ::: � xi1�1 < xi1 � ::: � xi2�1 < xi2 � ::: � xi3�1 < :::"

éúª'�(�8By²Ún�(Ø"

£1¤'��fúªxi � xj½xi � xj"w,§�i; jÓáu�|
�
xik ; :::; xik+1�1

�
�§

� `  ! xi � xj§ÄK� `  ! :xi � xj"éxi � xjaq�(Ø¤á"

£2¤'�:'1; '1 ^ '2�§d8Bb�w,"y."
Ún 2.1.3£C&K1.5.2¤z�múª' (v0; :::; vn)Ñ��duv0 < v0§v0 � v0§

½v0; :::; vn��
ü��Û�"

y²µÄk�Än = 0��/"d�'dv0 � v0§v0 � v0^:;^�¤"d
u� ` v0 � v0§� ` v0 � v0§8B´y§� ` '½ö� ` :'"Ï�� ` :v0 <
v0"¤±� ` '$ v0 � v0½ö� ` '$ v0 < v0"

Ùg�n > 0"X� ` :'§K� ` '$ v0 < v0"¤±�� 0 :'"ÏdkA¦
�A j= ��´A 2 :'"¤±ka0; :::; an 2 A¦�A j= ' [a0; :::; an]"a0; :::; an÷

19
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vC�v0; :::; vn���ü� §=A j=  [a0; :::; an]"dÚn2.1.2§� `  ! '½

ö� `  ! :'"¤±A j=  ! '½öA j=  ! :'"duA j= ' [a0; :::; an]§

A j=  [a0; :::; an]§�Uk� `  ! '"¤±��k��ü� ¦�� `  !
'"v0; :::; vn�ü��õkk��"� 1; :::;  m�Ù¥¤k¦�� `  i ! '¤

á�v0; :::; vn�ü�"-� =  1_:::_ m§K� ` � ! '"���y� ` '! �"

��y� j= ' ! �"�d�A j= �§A j= ' [a0; :::; an]"Óþy²��§kC

�v0; :::; vn���ü� ¦�A j=  [a0; :::; an]±9� `  ! '"Ïd �½

3 1; :::;  m¥"¤±A j= � [a0; :::; an]"¤±� j= ' ! �"¤±� j= ' $ �"y

."

½n 2.1.4 £C&K1.5.3¤z�úª' (v0; :::; vn)Ñ��du��múª"

y²µé'8B"

£1¤'��fúª!Ä½ª!Ü�ª�w,"

£2¤�'�9x'0"ÏL�åC�´i§Ø��'�9vn+1'0 (v0; :::; vn+1)"
d8Bb�§'0 (v0; :::; vn+1)®´��du��múª� (v0; :::; vn+1)"dþÚ

n§�©ü«�/µ

£2.1¤�´��duv0 < v0½öv0 � v0µd�9vn+1��´��duv0 <
v0½öv0 � v0§¤±'�´��duv0 < v0½v0 � v0"

£2.2¤�´��du 1 _ ::: _  m§Ù¥z� i´C�v0; :::; vn+1���ü
�µd�§9vn+1�A´��du9vn+1 1_:::_9vn+1 m"¤±��y§év0; :::; vn+1�
?Ûü� §9vn+1 ´��du��múª"� ´�0^:::^�n§Ù¥�i½´xi <
xi+1½´xi � xi+1§
x0; :::; xn+1´C�v0; :::; vn+1���­ü"�vn+1´xj"

0 < j < n+ 1�§ ��Xe/ª��

::: ^ xj�1 � vn+1 ^ vn+1 � xj+1 ^ :::;

::: ^ xj�1 � vn+1 ^ vn+1 < xj+1 ^ :::;

::: ^ xj�1 < vn+1 ^ vn+1 � xj+1 ^ :::;

::: ^ xj�1 < vn+1 ^ vn+1 < xj+1 ^ :::"

9vn+1 �A/��du

::: ^ xj�1 � xj+1 ^ :::;

::: ^ xj�1 < xj+1 ^ :::;

::: ^ xj�1 < xj+1 ^ :::;

::: ^ xj�1 < xj+1 ^ :::"

£�����dª^�
�¥�È�5ún"¤¤±9vn+1 ´��du��m
úª"j = 0½öj = n+1�§̂ �¥�Ãà:únÓn�y"¤±§év0; :::; vn+1�

?Ûü� §9vn+1 ´��du��múª"¤±9vn+1�´��du��mú
ª"¤±9vn+1�´��du��múª"
nþ§'´��du��múª"y."
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íØ 2.1.5 £C&K1.5.4¤�´���nØ"

y²µé?Û�é'§'��¤' (v0)"¤±'´��duúªv0 � v0�ú

ªv0 � v0���Ù�|Ü§¤±� ` '½ö� ` :'"y."
íØ 2.1.6 �Q�knê8§R�¢ê8§KhQ;�i 4 hR;�i"
y²µé?Û' (v0; :::; vn)§kmúª (v0; :::; vn)¦�� ` '$  "¤±§

hQ;�i j= ' $  §hR;�i j= ' $  "éa0; :::; an 2 QÚmúª (v0; :::; vn)§́
y

hQ;�i j=  [a0; :::; an] i¤. hR;�i j=  [a0; :::; an]"

¤±§éa0; :::; an 2 Q§

hQ;�i j= ' [a0; :::; an] i¤. hR;�i j= ' [a0; :::; an]"

y."

§2.2 �.�ã�*Ü

�A´���óL��."-

LA = L [ fca : a 2 Ag ;

Ù¥éa 2 A§#~�ca =2 L§�éa; b 2 A§a 6= b§ca 6= cb"-

AA = (A; a)a2A

�LA��.§§òz�ca)º�a"éX � A§LX�AX = (A; a)a2X�aq/
½Â"�B´�óL�,��.§f : X ! B§K(B; f (a))a2X´�óLX��
.§éa 2 X§§òca)º�f (a)"

A�ã£diagram¤½Â�

�A =
�
' : '�LA��f�é½ÙÄ½�¦�AA j= '

	
"

Ïd§éL�n�¢cÎÒP9?¿a1; :::; an 2 A§XPA (a1; :::; an)§KP (ca1 ; :::; can) 2
�A§ÄK:P (ca1 ; :::; can) 2 �A"éL�n�¼êÎÒF9?¿a1; :::; an; a 2 A§
XFA (a1; :::; an) = a§KF (ca1 ; :::; can) � ca 2 �A§ÄK:F (ca1 ; :::; can) �
ca 2 �A"éL�~�ÎÒd§a 2 A§XdA = a§Kd � ca 2 �A§ÄK:d � ca 2
�A"�k§éa1; a2 2 A§a1 6= a2§k:ca1 � ca2 2 �A"¤±A�ã±�«�
ª£±
A¥��N9¼ê!¢c!~���"�5¿§A�ã�£±
A��

N�m�'X§ØUL��ca��Ò´¤k�N�ù«^�§(J§X±e·K

ÚíØ¤w«§A�*Ü�÷vA�ã"

·K 2.2.1 £C&K2.1.8¤�A;B´���óL��."
£1¤�f : A ! B§Kf´A�B¥�Ó�i\§=f : A � B§��=

�(B; f (a))a2A j= �A"AO/§A � B§��=�A � B
�(B; a)a2A j=
�A"
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£2¤A�Ó�i\�B¥��=�B�)ä��A��."

y²µ£1¤�f : A � B§' (ca1 ; :::; can) 2 �A§Ù¥ca1 ; :::; can�' (ca1 ; :::; can)¥
Ñy�¤k#~�"d·K1.2.3£a¤§

AA j= ' (ca1 ; :::; can)

i¤. A j= ' [a1; :::; an]

i¤. B j= ' [f (a1) ; :::; f (an)]

i¤. (B; f (a))a2A j= ' (ca1 ; :::; can)"

¤±(B; f (a))a2A j= ' (ca1 ; :::; can)"��§�(B; f (a))a2A j= �A"éL�?Û
�fúª½Ä½' (x1; :::; xn)9?¿a1; :::; an 2 A§

A j= ' [a1; :::; an]

i¤. ' (ca1 ; :::; can) 2 �A
i¤. (B; f (a))a2A j= ' (ca1 ; :::; can)

i¤. B j= ' [f (a1) ; :::; f (an)]"

d·K1.2.3£c¤kf : A � B"
£2¤7�5d£1¤w,"���B�)ä��A��.B0"-f : A! B0½

Â�µf (a) = cB
0

a §éa 2 A"w,B0 = (B; f (a))a2A"¤±d£1¤§f : A � B"
y."

íØ 2.2.2£C&K2.1.9¤�LÃ~�!¼êÎÒ§T´L�nØ§A´L��.§
KA�Ó�i\uT����.§��=�A�z�k�f�.�Ó�i\uT�

���."

y²µ7�5w,"���A�z�k�f�.�Ó�i\uT���

�."dþ·K��yT [ �Ak�."����é8T [ �A���k�f
8"Kkk��a1; :::; an 2 A¦��¥Ñy�#~�Ñ3ca1 ; :::; can¥"-A0 =
fa1; :::; ang"Ï�LÃ~�!¼êÎÒ§Akf�.A0§±A0��N�"w,� �
T [�A0"db�§A0�Ó�i\uT����.B"¤±B�)ä��A0��
.B0"�B j= T"¤±B0 j= T [�A0"¤±�k�."d;�5½n§T [�Ak
�."y."

�A!B´L��."A��ã½Â�

�+A =
�
' : '�LA��f�é¦�AA j= '

	
"

�f : A ! B"¡f�A�Bþ�Ó�£homomorphism¤§P�f : A ' B§b

Xf´÷�§�éL�?Ûn�¢cÎÒP§9?¿a1; :::; an 2 A§

XPA (a1; :::; an)§KP
B (f (a1) ; :::; f (an)) ;

éL�?Ûn�¼êÎÒF§9?¿u1; :::; un 2 A§

f
�
FA (a1; :::; an)

�
= FB (f (a1) ; :::; f (an)) ;
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éL�?Û~�ÎÒc§
f
�
cA
�
= cB"

¡f�A�B¥�Ó�i\§bXf´A�B���f�.þ�Ó�§P�f :

Ae�B"���úª´d�fúª^_;^;8;9�EÑ�úª"́ y§Xf : A '
B§KéL�?Û�t (x1; :::; xn)§�úª' (x1; :::; xn)§9?¿a1; :::; an 2 A§

f
�
tA [a1; :::; an]

�
= tB [f (a1) ; :::; f (an)] ,

XA j= ' [a1; :::; an]§KB j= ' [f (a1) ; :::; f (an)]"

·K 2.2.3£C&K2.1.12¤A�Ó�i\�B¥§��=�B�)ä�A��ã�+A�

�."

y²µÓ·K2.2.1"y."

íØ 2.2.4 £C&K2.1.13¤z� S8A�*Ü¤�5S"

y²µ��´Aþ S§-A = hA;�i"�ÄLA��é8

� = �+A [ f:ca � cb : a; b 2 Ag [ f�g ;

Ù¥���5Sún"��´��k�f8§Kka1; :::; an 2 A¦�

� �
�
cai � caj : ai � aj ; i; j = 1; :::; n

	
[ fcai � cai : i = 1; :::; ng[�

:cai � caj : i 6= j; i; j = 1; :::; n
	
[ f�g"

én8B�y§ S8hfa1; :::; ang ;�i�*Ü¤�5S8hfa1; :::; ang ;��i"K
�.hfa1; :::; ang ;��i j= �"¤±��?¿k�f8k�."¤±�k�.B"
½ÂAþ'X��Xeµéa; b 2 A§

a �� b i¤. B j= ca � cb"

w,§����§���´�5S"y."
�A´L��."A�Ð�ã½Â�Th (AA) =

�
' : '�LA��é¦�AA j= '

	
"

·K 2.2.5 £C&K3.1.3¤A�Ð�i\�B¥§��=�B�)ä�A�Ð�

ãTh (AA)��."AO/§A 4 B��=�A � B�(B; a)a2A j= Th (AA)"

y²µ7�5µ�f : A 4 B§' (ca1 ; :::; can) 2 Th (AA)§Ù¥ca1 ; :::; can�
úª' (ca1 ; :::; can)¥Ñy�¤k#~�"¤±AA j= ' (ca1 ; :::; can)"¤±A j=
' [a1; :::; an]"¤±B j= ' [f (a1) ; :::; f (an)]"¤±(B; f (a))a2A j= ' (ca1 ; :::; can)"

¤±(B; f (a))a2A j= Th (AA)"

¿©5µ�B�)ä�B0 j= Th (AA)"B0�L«�(B; f (a))a2A§Ù¥f (a) =

cBa §éa 2 A"d(B; f (a))a2A j= Th (AA)��§é?¿úª' (x1; :::; xn)±

9a1; :::; an 2 A§A j= ' [a1; :::; an]��=�' (ca1 ; :::; can) 2 Th (AA)§��

=�(B; f (a))a2A j= ' (ca1 ; :::; can)§��=�B j= ' [f (a1) ; :::; f (an)]"¤

±f : A 4 B"y."



24 1�Ù �.Ø�Ä��{

·K 2.2.6 £C&K3.1.4¤�F´L�üüÐ��d��.�8Ü§KkL��
.B¦�F¥z��.�Ð�i\B¥"
y²µ�éF¥?Ûü�ØÓ��.A;A0§�A�LA;LA0¥�#~�Ø

��"-� = [A2FTh (AA)"dþÚn�Iy²�k�."��´����k�
f8"ò�¥áuÓ���óLA��éÜ�å5§Ø��� = f'0; :::; 'ng§Ù
¥'i 2 Th

�
(Ai)Ai

�
§i = 0; :::; n§�AiüüØÓ"z�'i�L��'i

�
cai1 ; :::; caiki

�
§

Ù¥cai1 ; :::; caiki 2 LAi
��'i

�
cai1 ; :::; caiki

�
¥Ñy�¤k#~�"¤±Ai j=

'i [ai1; :::; aiki ]"¤±Ai j= 9x1:::9xki :::'i (x1; :::; xki)"duAi � A0§A0 j= 9x1:::9xki :::'i (x1; :::; xki)"
¤±kbi1; :::; biki 2 A0¦�A0 j= 'i [bi1; :::; biki ]"òcai1 ; :::; caiki©O)º�bi1; :::; biki§

KA0�)ä�'i
�
cai1 ; :::; caiki

�
��."Ï�éi 6= j�A�LAi ;LAj¥�#~

�Ø��§A0�Ó�)ä�¤k'0; :::; 'n��."¤±�k�."¤±�k�

."y."

½n 2.2.7 £C&K3.1.5¤z�Ã¡�.k?¿��Ð�*Ü"

y²µ�A´��Ã¡�."A´nØTh (A)�Ã¡�."d�þ�Löwenheim-

Skolem-Tarski½n1.3.7§é?¿¿©��Äê�§Th (A)kÄê����.B"

B � A"dþ·K§A;B�Ð�i\Ó��.C¥"dkBk = �w,kCk � �§

dA�Ð�i\uC��§AkÐ�*ÜÓ�uC§ÏdkÄê�"y."

½n 2.2.8 £C&K3.1.6¤��; ��Äê§kLk � � � � = kAk§X � A§jXj �
�§KkB 4 A¦�X � B�jBj = �"

y²µØ��jXj = �"én = 0; 1; :::§½ÂXnXeµ

£1¤X0 = X"

£2¤�Xn®½Â§éz�úª' (x; x1; :::; xp)9z�|a1; :::; ap 2 Xn§

XA j= 9x' [x; a1; :::; ap]§ÀJ��b 2 A¦�A j= ' [b; a1; :::; ap]"-Xn+1�Xn\

þ¤kù��b¤�"

dukLk � �§úª'��ê��§8B�y§én = 0; 1; :::§jXnj = �"-

B = [nXn§KX � B�jBj = �"�F´L�m�¼êÎÒ§m � 0§a1; :::; am 2
B§Kkn¦�a1; :::; am 2 Xn§
�

A j= 9x (F (x1; :::; xm) � x) [a1; :::; am]"

¤±dXn+1�½Â§kb 2 B¦�

A j= (F (x1; :::; xm) � x) [a1; :::; am; b]"

ÏdFA (a1; :::; am) = b 2 B"=B3A�$�eµ4"¤±k���B � A¦
�B��N��B"é?Ûúª9x' (x; x1; :::; xp)9?¿a1; :::; ap 2 B§kn¦

�a1; :::; ap 2 Xn§¤±§XA j= 9x' [x; a1; :::; ap]§Kkb 2 Xn+1 � B¦�A j=
' [b; a1; :::; ap]"¤±d·K1.2.4§B 4 A"y."
½n 2.2.9 £C&K3.1.7¤�L�nØT´���§�kÃ¡�.§�é,�Ä
ê� � kLk§T´��Æ�§KT´���"
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y²µ�IyT�?Ûü��.Ð��d"�A;B´T��."db�§

�ÑÃ¡"d½n2.2.7§AkÐ�*ÜA0¦�kA0k � �§2dþ¡�½n§A0k

Ð�f�.A�¦�kA�k = �"A � A0 � A�"ÓnkB�¦�B � B��kB�k =
�"¤±A�;B�´T��."db�T´��Æ�§¤±A� �= B�"¤±A � B"
y."

íØ 2.2.10 Ãà:È��5SnØ�´���"

y²µw,��kÃ¡�."Ïd��y��?¿ü��ê�.A;B´Ó

��§d=y²§?¿ü��ê�Ãà:È��5Sp�Ó�"�A = fa0; a1; :::g§
B = fb0; b1; :::g"·��òS�a0; a1; :::ÚS�b0; b1; :::­#ü�¤S�a00; a01; :::Ú
S�b00; b

0
1; :::§¦�é?Ûi; j§a

0
i < a0j��=�b

0
i < b0j"KN�a

0
i 7�! b0i§

i = 0; 1; :::§Ò´A�B�Ó�"�d§�®��a00; :::; a
0
n±9b

0
0; :::; b

0
n§�§�

¦�é?Ûi; j � n§a0i < a0j��=�b
0
i < b0j"�a0; a1; :::¥1��ØÑy

ua00; :::; a
0
n¥����a

0
n+1"dB´Ãà:È��5S�.§±9a

0
i 7�! b0i§

i = 0; :::n§®²´�S�§�½kb0n+1 2 B¦�é?Ûi � n§a0i < a0n+1��

=�b0i < b0n+1"2�b0; b1; :::¥1��ØÑyub
0
0; :::; b

0
n+1¥����a

0
n+2§Ó

���éA�b0n+2"�d=��S�a
0
0; a

0
1; :::ÚS�b

0
0; b

0
1; :::§¦�A¥¤k�

�Ñ3a00; a
0
1; :::¥§B¥¤k��Ñ3b

0
0; b

0
1; :::¥§
�é?Ûi; j§a

0
i < a0j��

=�b0i < b0j"y."

§2.3 �.ó

�hA� : � < �i´L��.�S�"¡§����.ó§bXA� � A
é?
Û� < 
 < �"d�§T�.ó�¿A = [�<�A�½Â�µA = [�<�A�¶é¢
cÎÒP§PA = [�<�PA�§é¼êÎÒF§FA = [�<�FA�¶é~�ÎÒc§
cA = cA0"́ yFA(¢´Aþ¼ê"

Ún 2.3.1£C&K3.1.8¤L����.óhA� : � < �i�¿A = [�<�A��´L�
�.§
�A� � Aé?Û� < �"

y²µd½Â§w,"y."

���.óhA� : � < �i´��Ð�ó§bXA� 4 A
é?Û� < 
 < �"

½n 2.3.2£C&K3.1.9¤é��Ð�óhA� : � < �i§kA� 4 [�<�A�é?Û� <
�"

y²µPA = [�<�A�"é?¿úª' = ' (x1; :::; xn)8By²§é?Û� <

�9?¿a1; :::; an 2 A�§

A� j= ' [a1; :::; an] i¤. A j= ' [a1; :::; an]"

'��fúª!Ä½ª!Ü�ª��/§dþ¡�Ún§w,"�' (x1; :::; xn)�

�3ª9x (x; x1; :::; xn)"�A� j= ' [a1; :::; an]§Kkb 2 A�¦�A� j=  [b; a1; :::; an]"

d8Bb�§A j=  [b; a1; :::; an]"¤±A j= ' [a1; :::; an]"���A j= ' [a1; :::; an]"

Ïdkb 2 A¦�A j=  [b; a1; :::; an]"k
 < �¦�b 2 A
"Ø��
 > �"d
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8Bb�§A
 j=  [b; a1; :::; an]"¤±A
 j= ' [a1; :::; an]"db�A� 4 A
"¤
±A� j= ' [a1; :::; an]"y."

�½�óL§én = 0; 1; :::§½Âúª8�0n§�
0
nXeµ�

0
0 = �00 =múª

�8Ü¶

�0n+1 =
�
9x1:::9xm' : ' 2 �0n

	
;

�0n+1 =
�
8x1:::8xm' : ' 2 �0n

	
"

·�òÜ6�d�úªÀ��Ó�"K´y�0n;�
0
n � �0n+1;�0n+1¶' 2 �0n�

�=�:' 2 �0n"
�L��.A � B"¡A´B��0nf�.§½B´A��

0
n*Ü§bXé?

Û�0núª' (x1; :::; xm)9a1; :::; am 2 A§XA j= ' [a1; :::; am]§KB j= ' [a1; :::; am]"

���.óhA� : � < �i´���0nó§bXé?Û� < 
 < �§A�´A
��0nf

�."́ yA � B��=�A´B��00f�.§q��=�A´B��
0
1f�

."

½n 2.3.3 £C&K3.1.10¤�hA� : � < �i´���0nó§A = [�<�A�§K
£1¤A�´A��0nf�.¶

£2¤é?Û�0n+1úª' (x1; :::; xm)9a1; :::; am 2 A�§XA
 j= ' [a1; :::; am]é

?Û
 � �§KA j= ' [a1; :::; am]¶

£3¤é?Û�0n+1�é'§XA� j= 'é?Û�§KA j= '"

y²µén8BÓ�y²£1¤!£2¤"

£1¤n = 0�w,"�n > 0§' (x1; :::; xm) 2 �0n§a1; :::; am 2 A�¦�A� j=
' [a1; :::; am]"�' (x1; :::; xm)�9y1:::9yp (x1; :::; xm; y1; :::; yp)§ 2 �0n�1"Ï
dkb1; :::; bp 2 A�¦�A� j=  [a1; :::; am; b1; :::; bp]"duhA� : � < �i´���0nó§
Ïdé
 � �§A�AT´A
��0nf�."qdu 2 �0n§¤±é
 � �§A
 j=
 [a1; :::; am; b1; :::; bp]" 2 �0n�1 � �0n§
d8Bb�§£2¤én� 1¤á§¤
±A j=  [a1; :::; am; b1; :::; bp]"¤±A j= ' [a1; :::; am]"¤±A��´A��0nf�

."

£2¤�' (x1; :::; xm)�8y1:::8yp� (x1; :::; xm; y1; :::; yp)§� 2 �0n"?�b1; :::; bp 2
A"k
 � �¦�b1; :::; bp 2 A
"db�A
 j= ' [a1; :::; am]"ÏdA
 j= � [a1; :::; am; b1; :::; bp]"

d£1¤§A j= � [a1; :::; am; b1; :::; bp]"b1; :::; bp´?¿�§¤±A j= ' [a1; :::; am]"

£3¤�d£2¤���Ñ"y."

e¡´�.ó�A^���~f"

Ún 2.3.4 �n > 0§L�ü�.A;B¦�é?Û�0n�é kA j=  ��=

�B j=  §q�'Ó��du���0n+1�éÚ���
0
n+1�é§KA j= '��=

�B j= '"

y²µ·���E�0nó

A = A0 � B0 � A1 � B1 � :::;
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¦�A � A0 � A1 � :::§B � B0 � B1 � :::"�Ak®�E"-

T =
�
 :  �LAk

��0n�é� (Ak)Ak
j=  

	
"

� (ca1 ; :::) 2 T§Ù¥ (x1; :::)�L�úª§ca1 ; :::� ¥�¤k#~�"KAk j=
9x1::: (x1; :::)"db�®kAk � A§¤±A j= 9x1::: (x1; :::)"qdb�n >

0§9x1::: (x1; :::)�´�0n�é§¤±B j= 9x1::: (x1; :::)"¤± (ca1 ; :::)�n
ØTh (B)��"T3k�Ü�eµ4§¤±T�Th (B)��"�LAk

��.B0
k¦

�B0
k j= Th (B) [ T"dB0

k j= T§��B0
k¦�Bk = B0

kjL´�.Ak��0n*
Ü"dB0

k j= Th (B)KkBk � B"Ón��EAk+1"
w,[kAk = [kBk"yb�'Ó��du���0n+1�éÚ���

0
n+1�

é§
A j= '��=�B j= 'Ø¤á"Ø��A j= '�´B j= :'"';:'Ñ
�du���0n+1�é"dAk;Bk��E§Ak j= '§Bk j= :'é¤kk"¤±d
þ¡½n�£3¤§Ak[kAk j= '§[kBk j= :'"�[kAk = [kBkgñ"y."

½n 2.3.5£C&K3.1.11¤�n > 0§K'Ó��du���0n+1�éÚ���
0
n+1�

é§��=�'�du�
�0n�é�Ù�|Ü"

y²µ¿©5w,"���'Ó��du���0n+1�éÚ���
0
n+1�é§

�'Ø�du?Û�0n�é�Ù�|Ü"ky²

£a¤é?¿k���0n�é�1; :::; �m§k��� = �01 ^ ::: ^ �0m§Ù¥
z��0i´�i½:�i§¦�f�; 'gÚf�;:'gÑ��"
y²µ�Ø,§Kéz�ù��� = �01^:::^�0mk` � ! :'½ö` � ! '"

- = _
�
� : �Xþ� ` � ! '

	
"£_?n)�gñª?"¤K`  ! '"�y

²` ' !  µ�A j= '"7k���¦�A j= �"¤±A 2 � ! :'§�U
k` � ! '"¤±�´Û�ª ¥���Û�|"¤±A j=  "¤±` ' !  �

y"¤±` '$  §='�du�
�0n�é�Ù�|Ü §�b�gñ"y."

Ùgy²

£b¤�L�d'¥Ñy��Ü6ÎÒ|¤��ó§�1; �2; :::�L�¤

k�0n�é§Kk�8Ü� = f�01; �02; :::g§Ù¥z��0i´�i½:�i§¦
��é8� [ f'gÚ�é8� [ f:'gÑ��"
y²µé?�0-1S�h = (h1; :::; hm)§-�h = f�01; :::�0mg§Ù¥hi = 0�

-�0i��i§ÄK-�
0
i�:�i"w,§XJh0 � h§Kk�h0 � �h"d£a¤§é

?¿m > 0§k�Ý�m�S�h¦��h [ f'gÚ�h [ f:'gÑ��"�E0-
1S�h1; h2; :::Xeµ�®�Eh1; :::; hm¦�h = (h1; :::; hm)�*Ü�?¿�

�S�h0¦��h0 [ f'g§�h0 [ f:'gÑ��§K(h1; :::; hm; 0)§(h1; :::; hm; 1)¥
��k����*Ü�?¿��S�h0¦��h0 [ f'g§�h0 [ f:'gÑ��§
�§�(h1; :::; hm; hm+1)"Kéh1; h2; :::�z�k�fS�h = (h1; :::; hm)§

�h [ f'g§�h [ f:'gÑ��"-� = �h1;h2;:::§K�[ f'g§�[ f:'gÑ��"
y."

£�½n�y²"d(Ø£b¤§k�.A;B¦�A j= � [ f'g§B j= � [
f:'g"dA j= �§B j= ���§éz��0n�é�i§A j= �i��=�B j= �i"db
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�'Ó��du���0n+1�éÚ���
0
n+1�é§Ïddþ¡�ÚnAkA j=

'��=�B j= '§�A j= � [ f'g§B j= � [ f:'ggñ"y."

§2.4 �È

�I����I8§P (I)�I��8"Iþ��Èf£�lter¤���D � P (I)¦
�µ

£1¤I 2 D¶
£2¤XX;Y 2 D§KX \ Y 2 D¶
£3¤XX 2 D�X � Y � I§KY 2 D"
D¡���ýÈf£proper �lter¤§bXD 6= P (I)"w,§��ÈfD´

ýÈf§��=�? =2 D"́ y§�
Èf���´Èf"

~ 2.4.1 D = fIgÚD = P (I)Ñ´IþÈf"�½Y � I§D = fX � I : Y � Xg´Iþ
Èf§¡�dY)¤�ÌÈf"D = fX � I : I �X´k�8g´IþÈf§¡
�Iþ�{k¡Èf§½FréchetÈf"

íØ 2.4.1 é?¿E � P (I)§

D = fX � I : X = I½kY1; :::; Yn 2 E¦�Y1 \ ::: \ Yn � Xg

´IþÈf§�´�¹E���Èf"

y²µ£1¤I 2 D"£2¤�X;Y 2 D§KkY1; :::; Yn; Z1; :::; Zm 2 E¦

�Y1 \ ::: \ Yn � X§Z1 \ ::: \ Zm � Y§¤±Y1 \ ::: \ Zm � X \ Y§¤
±X \ Y 2 D"£3¤dD�½Â§w,"¤±D´IþÈf"
�D�´IþÈf�E � D��yD � D�"w,§I 2 D�"�Y1; :::; Yn 2

E�Y1\ :::\Yn � X"KY1; :::; Yn 2 D�§¤±Y1\ :::\Yn 2 D�§¤±X 2 D�"

¤±D � D�"y."

ù�íØ¥�D¡�dE)¤�Èf"¡E � P (I)äkk��5�§b
XE¥?¿k��8Ü����"w,

·K 2.4.2£C&K4.1.1¤E � P (I)äkk��5�§��=�E)¤ýÈf"
~ 2.4.2 �J´��Ã¡8§I = P! (J) = fW � J :W´k�8g§=J�k
�f8�8Ü§

D = fX � I :é,�W 2 I§8U (W � U ^ U 2 I ! U 2 X)g§

=X 2 D��=�X�¹J�,�k�f8�¤kk�*Ü����"�yD´Iþ
Èf§�´IþýÈf"

Iþ���Èf£ultra�lter¤D�Iþ��Èf§¦�é?ÛX 2 P (I)§
X 2 D��=�I �X =2 D"w,§é�ÈfD§? =2 D§¤±D´ýÈf"́
y§D´�Èf§��=�D´ýÈf§�é?ÛX 2 P (I)§X 2 D½I �X 2
D"
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·K 2.4.3 £C&K4.1.2¤D´Iþ�Èf§��=�D´Iþ4�ýÈf"

y²µ7�5µ�D´Iþ�Èf§�IþÈfF¦�D  F"�X 2 F�D"
dX =2 DAkI �X 2 D"¤±I �X 2 F§¤±? = X \ (I �X) 2 F§=FØ
´ýÈf"¤±D´Iþ4�ýÈf"

¿©5µ�D´Iþ4�ýÈf"¤±? =2 D"?�X 2 P (I)"�X 2 D§
w,I�X =2 D§Ï�ÄK? = X\(I �X) 2 D"q�I�X =2 D"Ï�D´Iþ
4�ýÈf§¤±D [ fI �Xg)¤�ÈfØ´ýÈf§¤±§Øäkk��
5�"ÏdkY 2 D¦�Y \ (I �X) = ?"¤±Y � X§ÏdX 2 D"¤

±X 2 D��=�I �X =2 D"¤±D´Iþ�Èf"y."
·K 2.4.4 £C&K4.1.3¤XE � P (I)äkk��5�§Kk�ÈfD � E"

y²µ-E =
�
D : D�IþýÈf§�D � E

	
"dþ¡�·K�E��"

ky²

£a¤E¥��ó�¿�3E¥"
y²µ�F´E¥��ó§-F = [F"�IyF�IþýÈf"é?ÛD 2

F§? =2 D"¤±? =2 F"�X;Y 2 F§KkD;D0 2 F¦�X 2 D§Y 2 D0"

Ï�F´E¥�ó§Ø��D � D0"¤±X;Y 2 D0"¤±X \ Y 2 D0"¤

±X\Y 2 F"q�X 2 F§X � Y � I§KkD 2 F¦�X 2 D§¤±Y 2 D§
¤±Y 2 F"¤±F�IþýÈf"y."
£�·K�y²"dZornÚn§E¥k4��D"w,D � E�´Iþ4�

ýÈf"¤±D � E�´Iþ�Èf"y."

íØ 2.4.5 £C&K4.1.4¤?ÛýÈf�*Ü��Èf"

�éi 2 Ik8ÜAi 6= ?"½Âk¼ÈY
i2I

Ai =
�
f : (f : I ! [i2IAi)§�éi 2 I§f (i) 2 Ai

	
"

�D�IþýÈf§éf; g 2
Q
i2I Ai§½Â

f =D g i¤. fi 2 I : f (i) = g (i)g 2 D"

´y=D´
Q
i2I Aiþ��d'X"éf 2

Q
i2I Ai§½Â

fD =

(
g 2

Y
i2I

Ai : f =D g

)
"

8ÜAi§i 2 I§��D8�È£reduced product¤½Â�

Y
D

Ai =

(
fD : f 2

Y
i2I

Ai

)
"

D�Iþ�Èf�
Q
D Ai¡��È£ultraproduct¤"Ai = Aé¤ki 2 I�§

¡
Q
D A�8��£reduced power¤½��£ultrapower¤"
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�éi 2 Iz�Ai´L��.§D�IþýÈf"8�ÈA =
Q
D Ai��L�

�.½ÂXeµA��N��A =
Q
D Ai¶éL�n�¢cÎÒP§±9f1D; :::; fnD 2

A§

PA
�
f1D; :::; f

n
D

�
i¤.

�
i 2 I : PAi

�
f1 (i) ; :::; fn (i)

�	
2 D¶

éL�n�¼êÎÒF§±9f1D; :::; fnD 2 A§

FA
�
f1D; :::; f

n
D

�
= gD§Ù¥éi 2 I§

g (i) = FAi
�
f1 (i) ; :::; fn (i)

�
¶

éL�~�ÎÒc§
cA =



cAi : i 2 I

�
D
"

±e·K`²±þ½Â�=D��da¥����ÀJÃ'§Ïd´Ün�"

·K 2.4.6£C&K4.1.7¤�f1 =D g1; :::; fn =D gn§f1; g1; :::; fn; gn 2
Q
i2I Ai§

K�
i 2 I : PAi

�
f1 (i) ; :::; fn (i)

�	
2 D i¤.

�
i 2 I : PAi

�
g1 (i) ; :::; gn (i)

�	
2 D¶


FAi
�
f1 (i) ; :::; fn (i)

�
: i 2 I

�
=D



FAi

�
g1 (i) ; :::; gn (i)

�
: i 2 I

�
"

y²µék = 1; :::; n§-Xk =
�
i 2 I : fk (i) = gk (i)

	
"dfk =D gk§

kXk 2 D"-X = X1 \ ::: \Xn§KX 2 D§�éi 2 X§
�
f1 (i) ; :::; fn (i)

�
=�

g1 (i) ; :::; gn (i)
�
"Ïd�

i 2 I : PAi
�
f1 (i) ; :::; fn (i)

�	
\X =

�
i 2 I : PAi

�
g1 (i) ; :::; gn (i)

�	
\X§

X �
�
i 2 I : FAi

�
f1 (i) ; :::; fn (i)

�
= FAi

�
g1 (i) ; :::; gn (i)

�	
"

¤±§

X
�
i 2 I : PAi

�
f1 (i) ; :::; fn (i)

�	
2 D§

K
�
i 2 I : PAi

�
f1 (i) ; :::; fn (i)

�	
\X 2 D§

¤±
�
i 2 I : PAi

�
g1 (i) ; :::; gn (i)

�	
\X 2 D§

¤±
�
i 2 I : PAi

�
g1 (i) ; :::; gn (i)

�	
2 D"

��½,"
�§�
i 2 I : FAi

�
f1 (i) ; :::; fn (i)

�
= FAi

�
g1 (i) ; :::; gn (i)

�	
2 D"

¤±(Ø¤á"y."

½n 2.4.7 £C&K4.1.8¤�L � L0§�éi 2 I§Ai´�óL��.§Bi´�

.Ai��óL0þ�)ä§D�IþýÈf§K8�È
Q
DBi´8�È

Q
D Ai�

�óL0þ�)ä"
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y²µdb�§Ai = Bié¤ki 2 I"¤±§
Q
i2I Ai =

Q
i2I Bi"¤±§Q

D Ai =
Q
D Bi"éL����Ü6ÎÒ§§3

Q
D Ai½ö

Q
DBi¥�)º�

6u
Q
D Ai =

Q
D Bi§D§9TÎÒ3z�Ai½öBi¥�)º"¤±§3

Q
D Ai½

ö
Q
DBi¥�)º�Ó"¤±§8�È

Q
DBi´8�È

Q
D Ai�)ä"y."

½n 2.4.8 £�ÈÄ�½n§C&K4.1.9¤�A =
Q
D Ai´�È§K

£1¤é�t (x1; :::; xn)±9f1D; :::; f
n
D 2 A§

tA
�
f1D; :::; f

n
D

�
=


tAi
�
f1 (i) ; :::; fn (i)

�
: i 2 I

�
D
¶

£2¤éúª' (x1; :::; xn)±9f1D; :::; f
n
D 2 A§

A j= '
�
f1D; :::; f

n
D

�
i¤.

�
i 2 I : Ai j= '

�
f1 (i) ; :::; fn (i)

�	
2 D¶

£3¤é�é'§A j= ' i¤. fi 2 I : Ai j= 'g 2 D"
y²µ£1¤ét8B"Xt´C�xk§K�>= tA

�
f1D; :::; f

n
D

�
= fkD§


m> =


tAi
�
f1 (i) ; :::; fn (i)

�
: i 2 I

�
D
=


fk (i) : i 2 I

�
D
= fkD§

¤±¤á"Xt´~�c§Km>=


cAi : i 2 I

�
D
= cA =�>§¤±¤á"

Xt´F (t1; :::; tm)§K

�> = FA
�
tA1
�
f1D; :::; f

n
D

�
; :::tAm

�
f1D; :::; f

n
D

��
= FA

�D
tAi1
�
f1 (i) ; :::; fn (i)

�
: i 2 I

E
D
; :::


tAim
�
f1 (i) ; :::; fn (i)

�
: i 2 I

�
D

�
=
D
FAi

�
tAi1
�
f1 (i) ; :::; fn (i)

�
; :::tAim

�
f1 (i) ; :::; fn (i)

��
: i 2 I

E
=


tAi
�
f1 (i) ; :::; fn (i)

�
: i 2 I

�
D
§

¤±¤á"

£2¤é'8B"X'´P (t1; :::; tm)§K

A j= '
�
f1D; :::; f

n
D

�
, PA

�
tA1
�
f1D; :::; f

n
D

�
; :::tAm

�
f1D; :::; f

n
D

��
, PA

�D
tAi1
�
f1 (i) ; :::; fn (i)

�
: i 2 I

E
D
; :::;



tAim
�
f1 (i) ; :::; fn (i)

�
: i 2 I

�
D

�
,
n
i 2 I : PAi

�
tAi1
�
f1 (i) ; :::; fn (i)

�
; :::; tAim

�
f1 (i) ; :::; fn (i)

��o
2 D

,
�
i 2 I : Ai j= '

�
f1 (i) ; :::; fn (i)

�	
2 D§

¤±¤á"X'´: §K

A j= '
�
f1D; :::; f

n
D

�
,¿�A j=  

�
f1D; :::; f

n
D

�
,
�
i 2 I : Ai j=  

�
f1 (i) ; :::; fn (i)

�	
=2 D

, I �
�
i 2 I : Ai j=  

�
f1 (i) ; :::; fn (i)

�	
2 D£Ï�D´�Èf¤

,
�
i 2 I : Ai j= : 

�
f1 (i) ; :::; fn (i)

�	
2 D§
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¤±¤á"X'´ 1 ^  2§Ï��
i 2 I : Ai j= '

�
f1 (i) ; :::; fn (i)

�	
=
�
i 2 I : Ai j=  1

�
f1 (i) ; :::; fn (i)

�	
\
�
i 2 I : Ai j=  2

�
f1 (i) ; :::; fn (i)

�	
§

w,"���'´9y (y; x1; :::; xn)"�A j= '
�
f1D; :::; f

n
D

�
"¤±kgD 2 A¦

�A j=  
�
gD; f

1
D; :::; f

n
D

�
"d8Bb�§�

i 2 I : Ai j=  
�
g (i) ; f1 (i) ; :::; fn (i)

�	
2 D§

¤± �
i 2 I : Ai j= 9y 

�
y; f1 (i) ; :::; fn (i)

�	
2 D§

= �
i 2 I : Ai j= '

�
f1 (i) ; :::; fn (i)

�	
2 D"

���
�
i 2 I : Ai j= '

�
f1 (i) ; :::; fn (i)

�	
2 D"éi 2 I¦�Ai j= '

�
f1 (i) ; :::; fn (i)

�
§

�ÀJg (i)¦�Ai j=  
�
g (i) ; f1 (i) ; :::; fn (i)

�
"éÙ§i?¿½Âg (i)"K�

i 2 I : Ai j=  
�
g (i) ; f1 (i) ; :::; fn (i)

�	
2 D"

¤±d8Bb�§A j=  
�
gD; f

1
D; :::; f

n
D

�
§¤±A j= '

�
f1D; :::; f

n
D

�
"y."

íØ 2.4.9 £C&K4.1.10¤é��k
Q
D A � A"

���ÈÄ�½n���A^§·�l§í�;�5½n"5¿§�ÈÄ

�½n�y²Ø�6u��Ü6���5½n"

íØ 2.4.10£;�5½n§C&K4.1.11¤��´L����é8§I = P! (�) =
��k�f8�8Ü§éz�i 2 Ik�.Ai j= i§KkIþ�ÈfD¦�

Q
D Ai j=

�"

y²µd�ÈÄ�½n§�¦�
Q
D Ai j= �§=éz�� 2 �§

Q
D Ai j=

�§��éz�� 2 �§fi 2 I : Ai j= �g 2 D"Ï�Ai j= i§¤±Ai j= �é� 2 i"
¤±��éz�� 2 �§fi 2 I : � 2 ig 2 D"Ï�

fi 2 I : �1 2 ig \ ::: \ fi 2 I : �n 2 ig = fi 2 I : �1; :::; �n 2 ig 6= ?§

¤±ffi 2 I : � 2 ig : � 2 �g � P (I)äkk��5�"¤±ffi 2 I : � 2 ig : � 2 �g�
*Ü���Iþ�ÈfD"ù��ÈfDÒ¦�

Q
D Ai j= �"y."

�K´L��.���a"¡KéÐ��dµ4§bXéL�?Û�.A;B§
XA 2 K
�A � B§KB 2 K"¡Ké�Èµ4§bXéIþ�ÈfD§

Ai 2 Ké¤ki 2 I%º
Q
D Ai 2 K"

½n 2.4.11 £C&K4.1.12¤�K´L��.���a"
£1¤K´Ð�a§��=�Ké�ÈÚÐ��dµ4"

£2¤K´Ä�Ð�a§��=�K�K�ÖÑé�ÈÚÐ��dµ4"
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y²µ£1¤7�5w,"�y¿©5§�Ké�ÈÚÐ��dµ4"-

T =
�
' : '´�é�é¤kA 2 KkA j= '

	
"

w,§A 2 K%ºA j= T"Ïd��yA j= T%ºA 2 K"�d�A j= T"

-� = Th (A)§I = P! (�)"éi = f�1; :::; �ng 2 I§�yik�.Ai 2 K"

XØ,§Ké?ÛB 2 K§k�i¦�B 2 �i§ÏdB j= : (�1 ^ ::: ^ �n)§¤
±: (�1 ^ ::: ^ �n) 2 T§¤±A j= : (�1 ^ ::: ^ �n)§��1; :::; �n 2 �gñ"¤±
�.kAi 2 K¦�Ai j= i"dþ¡�íØ§k�È

Q
D Ai j= �"db�Ké�

Èµ4§¤±
Q
D Ai 2 K"qd

Q
D Ai j= �§k

Q
D Ai � A"db�KéÐ�

�dµ4§¤±A 2 K"¤±A j= T%ºA 2 K"¤±K´T��.a§=K´
Ð�a"

£2¤��yK´Ä�Ð�a§��=�K�K�ÖKÑ´Ð�a"�K´

Ä�Ð�a"�K = fA : A j= 'gé,��é'§KK = fA : A j= :'g"¤
±K�´Ð�a"���K�K�ÖKÑ´Ð�a"ÏdknØT; S¦�K =

fA : A j= Tg§K = fA : A j= Sg"ÏdnØT [ Svk�."d;�5½n§k
k���é'1; :::; 'n 2 T§ 1; :::;  m 2 S¦�f'1; :::; 'n;  1; :::;  mgÃ�."
´yK = fA : A j= '1 ^ ::: ^ 'ng§=K´Ä�Ð�a"y."
�
Q
D A´����"g,i\d : A !

Q
D A½Â�µéa 2 A§d (a) =

ha : i 2 IiD"
íØ 2.4.12 £C&K4.1.13¤d : A 4

Q
D A"

y²µé?¿úª' (x1; :::; xn)§a1; :::; an 2 A§�y

A j= ' [a1; :::; an] i¤.
Y
D

A j= ' [d (a1) ; :::; d (an)]"

�A j= ' [a1; :::; an]§K

fi 2 I : A j= ' [d (a1) (i) ; :::; d (an) (i)]g = fi 2 I : A j= ' [a1; :::; an]g = I 2 D§

¤±d�ÈÄ�½n§
Q
D A j= ' [d (a1) ; :::; d (an)]"��§XA 2 ' [a1; :::; an]§

K��

fi 2 I : A j= ' [d (a1) (i) ; :::; d (an) (i)]g = ? =2 D§

¤±
Q
D A 2 ' [d (a1) ; :::; d (an)]"y."
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1nÙ Ä��{��
A^

§3.1 �Ñ.½n

^� (x1; :::; xn)L«gdC�Ñ3x1; :::; xn��
úª|¤�8Ü"A j=
� [a1; :::; an]�A/L«A j= � [a1; :::; an]é¤k� (x1; :::; xn) 2 � (x1; :::; xn)§
§¡�a1; :::; an3A¥÷v½¢y£realize¤� (x1; :::; xn)"¡�.A÷v½¢y� (x1; :::; xn)§

bXka1; :::; an3A¥÷v½¢y� (x1; :::; xn)§ÄK¡�.A�Ñ£omit¤� (x1; :::; xn)"

¡� (x1; :::; xn)�¢y§bX,��.A¢y� (x1; :::; xn)"5¿§bX� (x1; :::; xn)¥

�kk��úª§KA¢y� (x1; :::; xn)��=�A j= 9x1:::9xn^� (x1; :::; xn)§
Ù¥^� (x1; :::; xn)L«� (x1; :::; xn)¥¤kúª�Ü�§Ó�§A�Ñ� (x1; :::; xn)�
�=�A j= :9x1:::9xn ^� (x1; :::; xn)"¤±§� (x1; :::; xn)k���ÿ§A¢y
½�Ñ� (x1; :::; xn)Ñ�±^ü��éL�",	§� (x1; :::; xn)´Ã¡8��

ÿ§�#~�ÎÒc1; :::; cn§KA¢y� (x1; :::; xn)��=�A�)ä�nØ

� (c1; :::; cn) = f� (c1; :::; cn) : � (x1; :::; xn) 2 � (x1; :::; xn)g

��.§¤±� (x1; :::; xn)´Ã¡8��ÿ§�A¢y� (x1; :::; xn)�ù�^��

±^��nØ=Ã¡��é8L�"�� (x1; :::; xn)´Ã¡8��ÿ§�A�Ñ� (x1; :::; xn)�ù

�^���ØUL��A÷vü��é½��nØ"̂ � (x1; :::; xn)ò´Ã¡�

úª§
�AØ�)ä�nØ� (c1; :::; cn)��.���ØU2L��A�)ä�

,�nØ��."¤±§̀ A�Ñ��úª8� (x1; :::; xn)´±#��ªL�

'u���.�^�"Ò���5½n�Ñ
��nØTk��÷v§��

.�^�£=T´���¤§�Ñ.½n�Ñ
��úª8� (x1; :::; xn)k��

�Ñ§��.�^�"

e¡�·K�Ñ
��nØTk���.¢y� (x1; :::; xn)�^�"

·K 3.1.1 £C&K2.2.7¤�� = �(x1; :::; xn)§T´��nØ§KXe�dµ

£1¤Tk���.¢y�¶

£2¤��z�k�f8�T����.¢y¶

£3¤T [ f9x1:::9xn (�1 ^ ::: ^ �m) : m < !; �1; :::; �m 2 �g��"
y²µ£1¤)£2¤w,"
£2¤)£3¤µ�£2¤§��y£3¤¥�é8�z�k�f8��§=k�

.§�d��yT[f9x1:::9xn (�1 ^ ::: ^ �m)gk�."d£2¤§Tk���.A¢
yf�1 (x1; :::; xn) ; :::; �m (x1; :::; xn)g"w,A j= T[f9x1:::9xn (�1 ^ ::: ^ �m)g"

£3¤)£1¤µ�#~�ÎÒc1; :::; cn"d£3¤��§T[f�1 (c1; :::; cn) ; :::; �m (c1; :::; cn)g�
�"¤±T [� (c1; :::; cn)�z�k�f8��"¤±T [� (c1; :::; cn)k�.A"
w,A¢y�"y."
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¡��úª� (x1; :::; xn)���nØT��§bX�3T����.¥¢y¶

¡��úª8� (x1; :::; xn)���nØT��§bX�3T����.¥¢y"

¤±§� (x1; :::; xn)�T��§��=�T[f9x1:::9xn�g��¶� (x1; :::; xn)�T�
�§��=�T [ � (c1; :::; cn)��§Ù¥c1; :::; cn�#~�ÎÒ§q��=�

T [ f9x1:::9xn (�1 ^ ::: ^ �m) : m < !; �1; :::; �m 2 �g

��"

¡nØTÛÜ¢y£locally realize¤úª8� (x1; :::; xn)§bXkúª' (x1; :::; xn)¦

�§

£1¤' (x1; :::; xn)�T��§

£2¤T j= ' (x1; :::; xn)! � (x1; :::; xn)§é¤k� (x1; :::; xn) 2 � (x1; :::; xn)"

¡TÛÜ�Ñ£locally omit¤� (x1; :::; xn)§bXTØÛÜ¢y� (x1; :::; xn)"

¤±§TÛÜ�Ñ� (x1; :::; xn)§��=�é?Û' (x1; :::; xn)§bX' (x1; :::; xn)�T�

�§Kk� (x1; :::; xn) 2 � (x1; :::; xn)§¦�' (x1; :::; xn) ^ :� (x1; :::; xn)�T�
�"w,§XTÛÜ¢y� (x1; :::; xn)§KTk���.¢y� (x1; :::; xn)§��§

XT�¤k�.�Ñ� (x1; :::; xn)§KTÛÜ�Ñ� (x1; :::; xn)"

·K 3.1.2 £C&K2.2.8¤�T��§Tk���.�Ñ� (x1; :::; xn)§KTÛÜ

�Ñ� (x1; :::; xn)"

y²µ�T��§�TÛÜ¢y� (x1; :::; xn)§�yT�¤k�.¢y� (x1; :::; xn)"

db�kúª' (x1; :::; xn)¦�' (x1; :::; xn)�T��§�é¤k� (x1; :::; xn) 2
� (x1; :::; xn)§T j= ' (x1; :::; xn)! � (x1; :::; xn)"¤±9x1:::9xn' (x1; :::; xn)�T�
�"ÏT��§kT j= 9x1:::9xn' (x1; :::; xn)"¤±§?�T����.A§kA j=
9x1:::9xn' (x1; :::; xn)§=ka1; :::; an 2 A¦�A j= ' [a1; :::; an]"duT j= ' (x1; :::; xn)!
� (x1; :::; xn)é¤k� (x1; :::; xn) 2 � (x1; :::; xn)§¤±A j= � [a1; :::; an]é¤

k� (x1; :::; xn) 2 � (x1; :::; xn)§=A¢y� (x1; :::; xn)"¤±T�¤k�.¢y� (x1; :::; xn)"
y."

½n 3.1.3£�Ñ.½n§C&K2.2.9¤�L�ê§L�nØT´���§�TÛ
Ü�Ñ� = �(x1; :::; xn)§KTk�ê�.�Ñ�"

y²µØ��� (x1; :::; xn)�� (x)"�TÛÜ�Ñ� (x)"�#~�ÎÒ8C =

fc0; c1; c2; :::g§-L0 = L [ C"�'0; '1; :::�L0�¤k�é"½ÂT0 = T �
T1 � T2 � :::Xeµ�Tm®½Â§��T�k�*Ü§���§�XeÚ½½

ÂTm+1µ

£1¤�Tm = T[f�1; :::; �rg"P� = �1^:::^�r = � (c0; :::; ck)§Ù¥c0; :::; ck�

¹
�¥¢SÑy�¤k#~�"Ø��k > m"r = 0���?Û��k��

é��"P

' (xm) = 9x0:::9xm�19xm+1:::9xk� (x0; :::; xk)"

db�Tm��§¤±T[f� (c0; :::; ck)g��§¤±T[f9xm' (xm)g��§=' (xm)�
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nØT��"db�TÛÜ�Ñ� (x)§¤±k� (x) 2 � (x)¦�' (xm)^:� (xm)�
�T��"¤±T [ f� (c0; :::; ck) ^ :� (cm)g��§¤±Tm [ f:� (cm)g��"
-T 0m = Tm [ f:� (cm)g"
£2¤X'mäk/G9y (y)§
�T 0m[f'mg��§���Ø3T 0m[f'mg¥

Ñy�#~�cp§KT 0m [ f'm;  (cp)g���§-T 00m = T 0m [ f'm;  (cp)g¶Ä
K§X'mØäk/G9y (y)§½T 0m [ f'mgØ��§K-T 00m = T 0m"

£3¤�oT 00m[f'mg��§�oT 00m[f:'mg��"3c��/§-Tm+1 =
T 00m [ f'mg§3���/§-Tm+1 = T 00m [ f:'mg"
d½Â§w,Tm+1�´T�k�*Ü§���"-T! = [mTm§KT!�

�"d�E�1£3¤Ú§T!��"é?Û��/X9y (y)��é§�§�'m§
XT! ` 'm§K7kT 0m[f'mg��§Ïdd�E�1£2¤Ú§kcp¦� (cp) 2
T!§ÏdT! ` 9y (y)!  (cp)¶XT! ` :'m§K�kT! ` 9y (y)!  (cp)"

¤±T!±C�yâ8"d��5½n�y²§T!k���.AÙ�NÑ´C¥

~��)º"¤±A´�ê�."d�E�1£1¤Ú§éC¥z�~�cm§

k� (x) 2 � (x)¦�:� (cm) 2 T!"¤±A j= :� (cm)"¤±cAmØU¢y� (x)"
�A¥z��NÑ´,�cAm"¤±A�Ñ� (x)"y."

íØ 3.1.4 �L�ê§L�nØT´���§KTk�.�Ñ� (x1; :::; xn)§��
=�TÛÜ�Ñ� (x1; :::; xn)"

íØ 3.1.5 �L�ê§KL�nØTk�.�Ñ� (x1; :::; xn)§��=�Tk�
�*ÜÛÜ�Ñ� (x1; :::; xn)"

y²µ�Tk�.A�Ñ� (x1; :::; xn)§KTh (A)´T���*Ük�.A�

Ñ� (x1; :::; xn)§¤±dþ¡�·K§Th (A)ÛÜ�Ñ� (x1; :::; xn)"���Tk

��*ÜT 0ÛÜ�Ñ� (x1; :::; xn)§dþ¡�½n§T 0k�.A�Ñ� (x1; :::; xn)"

A�´T��."y."

~ 3.1.1 �Ä�æì�ânØPA��óLPA = f0; S;+; �g�úª8� (x) =�
:x � 0;:x � 1;:x � 2; :::

	
"w,§éLPA�?Û�.A±9a 2 A§A j= � [a]�

�=�a´A¥��IOê"££Á�e§̂ �£x´�IOê¤ØU^ü���

úªL�"¤LPA����.A¡���!-�.§bX§�Ñ� (x)§=Ù¥v
k�IOê"LPA�nØT¡�!-���§bXvkúª' (x)¦�T j= ' (0)§

T j= '
�
1
�
§T j= '

�
2
�
§:::§T j= 9x:' (x)"T¡�!-���§bXé?Ûú

ª' (x)§T j= ' (0)§T j= '
�
1
�
§T j= '

�
2
�
§:::%ºT j= 8x' (x)"

·K 3.1.6 £C&K2.2.12¤�LPA�nØT´���"
£1¤XT´!-���§KTk!-�.¶

£2¤XTk!-�.§KT´!-���"

y²µ£1¤�T´!-���"d�Ñ.½n§��yTÛÜ�Ñ� (x)"�

d�' (x)�nØT��§=T [f9x' (x)g��§¤±T 2 8x:' (x)"dT´!-�
��§kn¦�T 2 :' (n)"¤±T 2 ' (n) ! � (n)§Ù¥� (x) = (:x � n) 2
� (x)§¤±T 2 ' (x)! � (x)"¤±TÛÜ�Ñ� (x)"
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£2¤w,"y."

~ 3.1.2 �Lord = f�g� S�ó§T´Lord�Ãà:È��5SnØ"�
ÄkÃ¡õ�gdC��úª8� (x0; x1; :::) = fx1 < x0; x2 < x1; :::g"XA =
hA;�i�?¿���5S�.§KA�Ñ� (x0; x1; :::)��=�A´ûS�."
TvkûS�."¤±Tvk�.Ñ� (x0; x1; :::)"��yTÛÜ�Ñ� (x0; x1; :::)µ

�' (x0; :::; xn)�nØT��§¤±kT��.A±9a0; :::; an 2 A¦�A j= ' [a0; :::; an]"

?�an+1; an+2 2 A¦�an+1 < an+2§KA j= ' [a0; :::; an]^: (xn+2 < xn+1) [an+1; an+2]§

=' (x0; :::; xn) ^ : (xn+2 < xn+1)��T��"¤±TÛÜ�Ñ� (x0; x1; :::)"

±e´�Ñ.½n�í2"

½n 3.1.7£2Â�Ñ.½n§C&K2.2.15¤�L�ê§L�nØT´���§
�TÛÜ�Ñz��r = �r (x1; :::; xnr )ér = 0; 1; 2; :::§KTk���ê�.�

Ñ¤k�r"

y²µéz�r§ò#~�c0; c1; c2; :::�¤knr�|ü�¤srr; s
r
r+1; s

r
r+2; :::"

Óc¡��Ñ.½n3.1.3�y²§½ÂT0 � T1 � T2 � :::§Ù¥½ÂT 0m�Ú

½£1¤2©¤m + 1�Úµér = 0; :::;m§31r�Ú§dTÛÜ�Ñ�r§�À

J� 2 �r¦�ò:� (srm)\\Tm�î8���*Ü��±��§ò:� (srm)\
\Tm�î8���*Ü§,�UY1r + 1�Ú"(J¤��T 0mU
¦�§

ér = 0; :::;m§©Ok� 2 �r¦�:� (srm) 2 T 0m"T
00
m�Tm+1�½ÂØC"ù

�y
3T!�@��.A¥§�N�z�nr�|ÑØ÷v�r¥�,�úª§

ÏdA�Ñ�r"y."

§3.2 ��½n!Robinson��5½n9�½Â5½n

�L1;L2´ü��ó§¡L1�nØT�L2�nØUØ�©§bXØ�3�
óL1\L2��é�¦�T j= �
�U j= :�"£Xù�����3§¡§©lT�U"¤
w,§XT�UØ�©§KT�UÑ��£ÄK������k�ª½gñª¤"


�§T�UØ�©§��=�T�z�k�f8�U�z�k�f8Ø�©"

Ún 3.2.1 �L1�nØT�L2�nØUØ�©§K
£1¤éL1�?Û�é'§½öT [ f'g�UØ�©§½öT [ f:'g�UØ�

©¶

£2¤XL1��é9x' (x)¦�T j= 9x' (x)§c´��ØÑyuT;U¥�#
~�§KT [ f' (c)g��UØ�©¶
£3¤XC´�
ØáuL1;L2�#~��8Ü§K©O��L1 [C�nØ

ÚL2 [ C�nØ§T�U�´Ø�©�"
y²µ£1¤�Ø,§KkL1 \ L2��é�; �¦�T [ f'g j= �§U j= :�§

T [ f:'g j= �§U j= :�"ÏdT j= � _ �§U j= : (� _ �)§¤±T�U�©§�
b�gñ"

£2¤�Ø,§KkL1\L2��é� (c)¦�T j= ' (c)! � (c)§U j= :� (c)"d



§3.2 ��½n!Robinson��5½n9�½Â5½n 39

ucØÑyuT¥§¤±T j= 8x (' (x)! � (x))§qduT j= 9x' (x)§¤±T j=
9x� (x)"Ó�ducØÑyuU¥§¤±T j= 8x:� (x)§=U j= :9x� (x)"ù�
b�T�UØ�©gñ"

£3¤�Ø,§Kk(L1 [ C)\(L2 [ C)��é� (c1; :::; cn)¦�T j= � (c1; :::; cn)§

U j= :� (c1; :::; cn)§Ù¥c1; :::; cn´�¥Ñy�¤k#~�"w,§T j= 8x1:::8xn� (x1; :::; xn)§
U j= :8x1:::8xn� (x1; :::; xn)§
8x1:::8xn� (x1; :::; xn)´L1\L2��é§¤±T�U�
©§�b�gñ"y."

½n 3.2.2 £��½n§C&K2.2.20¤X�é'; ¦�' j=  §Kk�é�§¦

����Ü6ÎÒÑ´'; ��Ó��Ü6ÎÒ§
�' j= �§� j=  "

y²µ�L1�'¥¤k�Ü6ÎÒ�¤��ó§L2� ¥¤k�Ü6ÎÒ
�¤��ó§L0 = L1 \ L2§L = L1 [ L2"�vkL0��é�¦�' j= �§

� j=  §=: j= :�"�y' 2  §=f';: g��"
-T = f'g��óL1�nØ§U = f: g��óL2�nØ§Kdb�T�UØ

�©"·��yT[Uk�."�ØáuL1;L2�#~��8ÜC = fc0; c1; c2; :::g"
�'0; '1; '2; :::�L1 [ C�¤k�é§� 0;  1;  2; :::�L2 [ C�¤k�é"½
ÂL1 [ C�nØT0 � T1 � :::§ÚL2 [ C�nØU0 � U1 � :::Xeµ

-T0 = T§U0 = U"db�®�T0�U0Ø�©"�Tm; Um®½Â§�Tm�UmØ

�©§�©O´T0�U0�k�*Ü§©üÚ½ÂTm+1µ

£1¤dþ¡�Ún§Tm [ f'mg½Tm [ f:'mg�UmØ�©§-Ù�T 0m¶
£2¤X'mäk/ª9x� (x)�'m 2 T 0m§dþ¡�Ún§�ÀJ��Ø

3Tm§Um§'m¥Ñy�#~�cp§¦�T 0m [f� (cp)g�UmØ�©§-Tm+1 =
T 0m[f� (cp)g§ÄK§X'mØäk/ª9x� (x)§½'m =2 T 0m§K-Tm+1 = T 0m"

Ó��½ÂUm+1¦� m 2 Um+1½: m 2 Um+1§�Tm+1�Um+1Ø�

©"

-T! = [mTm§U! = [mUm"·��y²T! [ U!k�.§ÏdT [ Uk
�."

d½Â§é?Ûm � 0§Tm�UmØ�©§ÏdT!�?Ûk�f8�U!�
?Ûk�f8Ø�©§¤±T!�U!Ø�©"¤±T!��"dþ¡½Â�1£1¤

Ú��§T!´���"d£2¤§T!±C�yâ8"¤±T!k�.A¦�A =
�
cA0 ; c

A
1 ; :::

	
"

Ón§U!��§±C�yâ8§�k�.B¦�B =
�
cB0 ; c

B
1 ; :::

	
"

�±y²§éL0[C�?��é�§A j= ���=�B j= �"�d�A j= �"

duT!���A j= T!§�½kT! ` �"2dT!�U!Ø�©§AkU! 0 :�§

U!��§¤±U! ` �§ÏdB j= �"��½,"¤±§éL0[C�?��é�§
A j= ���=�B j= �"

-f : A! B½Â�f
�
cAi
�
= cBi §i = 0; 1; :::"���L0[C��éci � cj§

dþ¡�(Ø´�§f´û½Â�
���N�"éL0�?Ûúª� (x1; :::; xn)±
9cAi1 ; :::; c

A
in
2 A§���L0 [ C��é� (ci1 ; :::; cin)§dþ¡�(Ø´�§A j=

�
�
cAi1 ; :::; c

A
in

�
��=�B j= �

�
cBi1 ; :::; c

B
in

�
"Ïd§f : Aj (L0 [ C) �= Bj (L0 [ C)"
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¤±��A;B¦�A = B�Aj (L0 [ C) = Bj (L0 [ C)"-C = Aj (L0 [ C) =
Bj (L0 [ C)"KC�±)ä�L1 [ C��.A"Ó�§éL2 � L1¥�ÎÒ��
�.B���)º�§q�òA)ä�L [ C��.C0¦�C0j (L2 [ C) = B"
ÏdC0 j= T! [ U!"¤±T! [ U!��§¤±f';: g��"y."
�P; P 0 =2 L§� (P )��óL[fPg��é8"P� (P 0)�ò� (P )¥�úª

¥Ñy�P�¤P 0�¤��L [ fP 0g��é8"¡� (P )Û½ÂP§bX

� (P ) [ � (P 0) j= 8x1:::8xn (P (x1:::xn)$ P 0 (x1:::xn))"

¡� (P )w½ÂP§bXkL�úª' (x1:::xn)¦�

� (P ) j= 8x1:::8xn (P (x1:::xn)$ ' (x1:::xn))"

½n 3.2.3 £C&K2.2.22¤� (P )Û½ÂP§��=�� (P )w½ÂP"

y²µ¿©5w,"��§�� (P )Û½ÂP"�#~�ÎÒc1; :::; cn§K

� (P ) [ � (P 0) j= P (c1; :::; cn)$ P 0 (c1; :::; cn)§

¤±k'1 (P ) ; :::; 'm (P ) 2 � (P )§ 1 (P 0) ; :::;  k (P 0) 2 � (P 0)§¦�

'1 ^ ::: ^  k j= P (c1; :::; cn)! P 0 (c1; :::; cn)"

-� (P )�

'1 (P ) ^ ::: ^ 'm (P ) ^  1 (P ) ^ ::: ^  k (P )§

K

� (P ) ^ � (P 0) j= P (c1; :::; cn)! P 0 (c1; :::; cn)§

¤±

� (P ) ^ P (c1; :::; cn) j= � (P 0)! P 0 (c1; :::; cn)"

d��½n§kL[fc1; :::; cng�é� (c1; :::; cn)¦�� (P )^P (c1; :::; cn) j= � (c1; :::; cn)§

� (c1; :::; cn) j= � (P 0)! P 0 (c1; :::; cn)"P 0Ø3� (c1; :::; cn)¥Ñy§ÏdAk� (c1; :::; cn) j=
� (P )! P (c1; :::; cn)"¤±� (P ) j= P (c1; :::; cn)$ � (c1; :::; cn)"duc1; :::; cnØ

3� (P )¥Ñy§¤±� (P ) j= 8x1:::8xn (P (x1:::xn)$ � (x1:::xn))"¤±� (P )w

½ÂP"y."

½n 3.2.4£Robinson��5½n§C&K2.2.23¤�L = L1 \L2§T; T1; T2©
O�L;L1;L2����nØ§T � T1§T � T2§T��§KT1 [ T2��"
y²µ�T1[T2Ø��§KkT1¥�k���é�Ü��1§T2¥�k��

�é�Ü��2§¦�f�1; �2gØ��§=�1 j= :�2"d��½n§kL��é�¦
��1 j= �§� j= :�2§=�2 j= :�"¤±T1 j= �§T2 j= :�"Ï�L�nØT��§
kT j= �½öT j= :�"Ï�T � T2§dT j= �AkT2 j= �§¤±T2Ø��§�

b�gñ"Ón§dT j= :�AkT1Ø��§�b�gñ"¤±T1 [ T2��"y
."
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e¡�:;_;^;8;9þ�Ð©Ü6~�"¡��ÎÒ3'¥���Ñy��
Ñy§X§´3óê�:�`�S§ÄK§´��KÑy"
½n 3.2.5 £C&K2.2.24¤��é'; ¥vk¼êÎÒÚ~�ÎÒ§' j=  §

Kk�é�¦�' j= �§� j=  §
��¥�£½K¤Ñy�¢cÎÒ3'; ¥Ñ

k�£½K¤Ñy"

y²µ�L�'; ¥Ñy�¢cÎÒ�8Ü"�#~�ÎÒC = fc0; c1; :::g§
-L0 = L[C"éL0�úª�§¡��Ä½�ª§bXÙ¥Ä½Ò�Ñy3�f
úªc"w,z�úª�du��Ä½�ª"·�b�úªÑ®z�Ä½�

ª":��Ä½�ªP���"¡��úª��,�úª��N§bX�¥�£K¤Ñ
y�¢cÎÒ�3�¥Ñk�£K¤Ñy"-��¤k�'�N�L0�é£Ä½�
ª¤�8Ü§-	�¤k� �N�L0�é£Ä½�ª¤�8Ü§	� = f�� : � 2 	g"
énØT � �§U � 	�§¡T�UØ�©§bXØ�3� 2 � \ 	¦�T j= �§

U j= :�"w,§XT�UØ�©§KT�UÑ��§ÄKc0 � c0½ö:c0 � c0�

©lT�U"

b�½n�(ØØ¤á"Ïdf'g�f �gØ�©"·��yf'; �g��§
Ïd�b�' j=  gñ"�'0; '1; :::��¥¤k�é§ 0;  1; :::�	¥¤k�

é"½ÂT0 = f'g � T1 � :::§U0 = f g � U1 � :::Xeµ�Tm; Um®½Â¦

�Tm � �§Um � 	�§Tm�UmØ�©§�Tm�UmÑ´k��é8§
£1¤XTm [f'mg�UmØ�©§K-T 0m = Tm [f'mg§ÄK-T 0m = Tm¶

£2¤X'm 2 T 0m�k/G9x� (x)§��Ø3T 0m; Um; 'm¥Ñy�#~�cp§
-Tm+1 = T 0m [ f� (cp)g§ÄK-Tm+1 = T 0m"

3£2¤¥§d9x� (x)�'�N��� (cp)��'�N§ÏdTm+1 � �"


��yTm+1�UmØ�©"XØ,§KAk9x� (x) 2 T 0m�k� (cp) 2 � \ 	¦
�T 0m [ f� (cp)g j= � (cp)§Um j= :� (cp)"dcpØ3T 0m; Um; 'm = 9x� (x)¥Ñ
y��T 0m j= 9x� (x)§Um j= :9x� (x)"d9x� (x) 2 � \ 	��� 2 � \ 	"Ï
dT 0m�UmØ�©§gñ"¤±Tm+1 � �§�Tm+1�UmØ�©§�Tm´k�
�é8"�aq/½ÂUm+1¦�Um+1 � 	�§Tm+1�Um+1Ø�©§�Um+1´
k��é8"

-T! = [mTm§U! = [mUm"Óc´yT!�U!Ø�©"·��yT! [
U!k�.§Ïd��§Ïdf'; �g��"ky²T!�U!kXe5�µ
£a¤X�1 _ �2 2 �§T! j= �1 _ �2§KT! j= �1½öT! j= �2§éU!�

�¶

£b¤é#~�c; c0 2 C§T! j= c � c0��=�U! j= c � c0¶

£c¤é?¿¢cÎÒP9#~�d1; :::; dn 2 C§XT! j= P (d1; :::; dn)§

KU! 2 :P (d1; :::; dn)§XU! j= P (d1; :::; dn)§KT! 2 :P (d1; :::; dn)"

£d¤X9x� (x) 2 �§T! j= 9x� (x)§Kk#~�c 2 C¦�T! j=
� (c)§éU!��"
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A^

y²µ£a¤��1 _�2 2 �§T! j= �1 _�2§�T! 2 �1§T! 2 �2"d�1 _�2 2
����1; �2 2 �"Ø���1�'m§�2�'k"dT! 2 �1���1 =2 T!§Ïd'm =2
Tm+1§ÏdTm [ f'mg�Um�©"¤±k�1 2 � \ 	¦�Tm [ f'mg j= �1§

Um j= :�1"¤±§T![f�1g j= �1§U! j= :�1"Ónk�2 2 �\	¦�T![f�2g j=
�2§U! j= :�2"¤±§dT! j= �1 _ �2��T! j= �1 _ �2§U! j= : (�1 _ �2)"w
,�1 _ �2 2 � \	"¤±T!�U!�©§gñ"
£b¤5¿§c � c0 2 �\	"�c � c0� m§�T! j= c � c0§�U! 2 c � c0"

K m =2 Um+1ÏdTm+1�Um [ f mg�©§=k� 2 � \ 	¦�Tm+1 j= �§

Um [ f mg j= :�§¤±T! j= �§U! [ fc � c0g j= :�§¤±T! j= c � c0 ^ �§
U! j= : (c � c0 ^ �)"w,§c � c0 ^ � 2 � \ 	"¤±T!�U!�©§gñ"¤
±T! j= c � c0%ºU! j= c � c0"Ón�yU! j= c � c0%ºT! j= c � c0"

£c¤�T! j= P (d1; :::; dn)§�U! j= :P (d1; :::; dn)"dT! j= P (d1; :::; dn)�

y§P3T!¥�,�úª¥k�Ñy"XØ,§=P3T!¥�?Ûúª¥�õ

�kKÑy§K?�T!��.A§�±?UA¦�P�)º��8§=P (x1; :::; xn)[

b§8B�y§(J�´T!��.§�¦�P (d1; :::; dn)�b§�T! j= P (d1; :::; dn)g

ñ"¤±P��3T!¥���úª¥k�Ñy"duT! � �§¤±P3'¥k
�Ñy§¤±P (d1; :::; dn) 2 �"dU! j= :P (d1; :::; dn)Ó���P3U!¥�,
�úª¥kKÑy"duU! � 	�§¤±P3	�¥�,�úª¥kKÑy§¤
±P3	¥�,�úª¥k�Ñy§¤±P3 ¥k�Ñy§¤±P (d1; :::; dn) 2
	"¤±P (d1; :::; dn) 2 � \ 	§
T! j= P (d1; :::; dn)§U! j= :P (d1; :::; dn)§
=T!�U!�©§gñ"¤±T! j= P (d1; :::; dn)%ºU! 2 :P (d1; :::; dn)"Ón
�y§U! j= P (d1; :::; dn)%ºT! 2 :P (d1; :::; dn)"
£d¤�9x� (x) 2 �§T! j= 9x� (x)"�9x� (x)�'m"�yTm[f'mg�UmØ

�©"eØ,§Kk� 2 �\	¦�Tm[f'mg j= �§Um j= :�§¤±§T![f'mg j=
�§U! j= :�"dT! j= 9x� (x)��T! j= �§U! j= :�§¤±T!�U!�©§g
ñ"¤±Tm [ f'mg�UmØ�©"dþ¡�½Â£2¤§k#~�c¦�� (c) 2
Tm+1 � T!§¤±T! j= � (c)"y."

£�½n�y²"e¡�ET! [U!��."½ÂL0��.AXeµé#~
�c; d 2 C§dþ¡�(Ø£b¤�½Â

c � d i¤. T! j= c � d i¤. U! j= c � d"

w,�´�d'X"-A = f[c]� : c 2 Cg"é¢cÎÒP§½Â

PA ([d1] ; :::; [dn]) i¤.£T! j= P (d1; :::; dn)½U! j= P (d1; :::; dn)¤"

�d01 � d1; :::; d
0
n � dn§KT! j= P (d1; :::; dn)$ P (d01; :::; d

0
n)§U! j= P (d1; :::; dn)$

P (d01; :::; d
0
n)§¤±§

£T! j= P (d1; :::; dn)½U! j= P (d1; :::; dn)¤i¤.

£T! j= P (d01; :::; d
0
n)½U! j= P (d01; :::; d

0
n)¤"
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¤±PA�½Â´Ün�"é~�ÎÒc 2 C§½Â

cA = [c]"

8By²§é?Û� 2 �§T! j= �%ºA j= �"�d�� 2 �§T! j= �"

£1¤��c � d�§dT! j= c � d��c � d§¤±[c] = [d]§¤±A j= �"

£2¤��:c � d�§duT!��§dT! j= :c � d��T! 2 c � d§¤

±c � d§¤±[c] 6= [d]§¤±A j= �"

£3¤��P (d1; :::; dn)�§dT! j= P (d1; :::; dn)��PA ([d1] ; :::; [dn])§¤

±A j= �"

£4¤��:P (d1; :::; dn)�§duT!��§T! 2 P (d1; :::; dn)§qdþ¡�(
Ø£c¤§dT! j= :P (d1; :::; dn)��U! 2 P (d1; :::; dn)§¤±d½Â§PA ([d1] ; :::; [dn])Ø
¤á§=A j= �"

£5¤���1 _�2�§dþ¡(Ø£a¤§dT! j= �1 _�2��T! j= �1½T! j=
�2§2d8Bb���A j= �1½A j= �2§¤±A j= �"

£6¤���1 ^ �2�§d8Bb�§w,"

£7¤��9x�0 (x)�§dT! j= 9x�0 (x)9þ¡(Ø£d¤§k#~�c¦�T! j=
�0 (c)§2d8Bb���A j= �0 (c)§¤±A j= �"

£8¤��8x�0 (x)�§dT! j= 8x�0 (x)§é?Û#~�c§T! j= �0 (c)§2d

8Bb���A j= �0 (c)"duA¥z��NÑ´#~��)º§¤±A j= �"

Ï�T! � �§¤±A j= T!"Ón�yA j= U!"¤±T! [ U!k�."

f'; �g = T0 [ U0 � T! [ U!"¤±f'; �g��§�b�gñ"y."

±e´^�.ó�{éRobinson��5½n�,��y²"

Ún 3.2.6 ��óL1 \L2 = L§A´L1��.§B´L2��.§AjL � BjL§
KkL2��.B0¦�B 4 B0§
�kf : AjL 4 B0jL"

y²µ-� = Th ((AjL)A) [ Th (BB)�L2 [ LA [ LB��é8"ùpb
�LA�LB¥�#~�Ø��"�������k�f8"ò�
�éÜ��Ø
��� = f'1; '2g§Ù¥'1 = '1 (ca1 ; :::; can)§'1 (x1; :::; xn)�L�úª§'2 =
'2 (cb1 ; :::; cbm)§'2 (x1; :::; xm)�L2�úª§a1; :::; an 2 A§b1; :::; bm 2 B§

(AjL)A j= '1 (ca1 ; :::; can)§BB j= '2 (cb1 ; :::; cbm)"¤±A j= 9x1:::9xn'1 (x1; :::; xn)"
duAjL � BjL§B j= 9x1:::9xn'1 (x1; :::; xn)"¤±ka01; :::; a0n 2 B¦�B j=
'1 [a

0
1; :::; a

0
n]§¤±BB j= '1 [a

0
1; :::; a

0
n]"Ïb�LA�LB¥�#~�Ø��§

�òca1 ; :::; can©O)º�a
0
1; :::; a

0
nl
òBB)ä�'1 (ca1 ; :::; can)��."¤

±�k�."¤±�k�.B0"dB0 j= Th (BB)��B�Ð�i\uB0jL2¥"
�±�B0¦�B 4 B0jL2"dB0 j= Th ((AjL)A)��AjL�Ð�i\uB0jL¥"
y."

·�^A �L BL«AjL � BjL§̂ f : A 4L BL«f : AjL 4B0jL"ù�
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A^

Ún�^eãL«µ
A

jjjL &f

B 4 B0

Ù¥f : A 4L B0§ÏdB0jLk��Ð�f�.Ó�uAjL§¤±B0±Ð�f

�.��ªÓ��¹
AjLÚB�E�"
½n 3.2.7£Robinson��5½n§C&K, p.141¤��óL1\L2 = L§T; T1; T2©
O´L;L1;L2�nØ§T � T1§T � T2§T��§T1; T2�g´���§KT1 [
T2´�óL1 [ L2����nØ"

y²µdb�kL1��.A0 j= T1§kL2��.B0 j= T2"dT��9A0jL j=
T§B0jL j= T§��A0 �L B0"dþ¡�Ún§kL2��.B1¦�B0 4 B1§

¿kf1 : A0 4L B1"¤±éL�úª'1 (x1; :::; xn)±9a1; :::; an 2 A0§A0 j=
' [a1; :::; an]��=�B1 j= ' [f1 (a1) ; :::; f1 (an)]§=(A0; a)a2A0

j= ' (ca1 ; :::; can)�

�=�(B1; f1 (a))a2A0
j= ' (ca1 ; :::; can)"¤±(A0; a)a2A0

�LA0 (B1; f1 (a))a2A0
"

2þ¡�Ún§kL1��.A1¦�(A0; a)a2A0
4 (A1; a)a2A0

§¿kg1 : (B1; f1 (a))a2A0
4LA0

(A1; a)a2A0
"5¿§g1 (f1 (a)) = aéa 2 A0§=g1 � f1 = idA0"w,g1 : B1 4L

A1"Óþ��(B1; b)b2B1
�LB1 (A1; g1 (b))b2B1

"Ó�dþ¡�Ún§kL2��
.B2¦�(B1; b)b2B1

4 (B2; b)b2B1
§¿kf2 : (A1; g1 (b))b2B1

4LB1 (B2; b)b2B1
"

w,§f2 (g1 (b)) = béb 2 B1§=f2 � g1 = idB1
"¤±f2 � g1 � f1 = f1"¤

±f2 � idA0 = f1§=f1 � f2"Ón��EA2;B3; :::�"¤±k

A0 4 A1 4 A2 4 :::

jjjL &f1 "g1 &f2 "g2 ::: :::

B0 4 B1 4 B2 4 :::

Ù¥§fi : Ai�1 4L Bi§gi : Bi 4L Ai§gi � fi = idAi
§fi+1 � gi = idBi

§fi �
fi+1§gi � gi+1"-A = [iAi§B = [iBi§f = [ifi"Kf : A! B"Ï�z�fi´

üN�§w,f�´üN�"qÏ�fi+1 � gi = idBi§¤±ran (fi+1) � Bi"¤

±ran (f) � B"¤±f´V�"́ yf : AjL �= BjL"d½n2.3.2§A0 4 A"

¤±A j= T1"Ón§B j= T2"df : AjL �= BjL§�òB)ä�L1��.B0¦

�f : A �= B0jL1"ÏdB0 j= T1 [ T2"¤±T1 [ T2��"y."

§3.3 �±½n

�T´L�nØ"¡T3f�.e�±§bXA � B§B j= T%ºA j= T"

¡T3�.ó¿e�±§bXA0 � A1 � :::�Ai j= Téi = 0; 1; :::%º[iAi j=
T"¡T3Ó�e�±§bXA ' B§A j= T%ºB j= T"

Ún 3.3.1 £C&K3.2.1¤�nØT��§�é8�3k�Û�eµ4§KTk

ún8� � �§��=�é?Û�.A;B§XA j= T§�?Û3A¥k���¥

��é�3B¥k�§KB j= T"
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y²µ7�5µdb�Tkún8� � �9A j= TkA j= �§qdb�?

Û3A¥k���¥��é�3B¥k�§¤±B j= �§
�´T�ún8§¤
±B j= T"

¿©5µ�^�¤á"-� = f� 2 � : T j= �g§KT j= �§Ïd��y� j=
T"�B j= �§�yB j= T"d^�§��éA§¦�A j= T§�?Û3A¥k�

��¥��é�3B¥k�§=?Û3B¥Øk���¥��é�3A¥Øk

�"-� = f:� : � 2 �;B j= :�g"�±y²T[���µXØ,§Kk:�1; :::;:�n 2
�¦�T [ f:�1; :::;:�ngØ��§¤±T j= �1 _ ::: _ �n"Ï��3k�Û�e
µ4§¤±�1 _ :::_ �n 2 �§¤±B j= �1 _ :::_ �n§�:�1; :::;:�n 2 �gñ"
¤±T [���"�A¦�A j= T [�§KA j= T§�?Û3B¥Øk���¥

��é�3A¥Øk�"y."

½n 3.3.2£C&K3.2.2¤L�nØT3f�.e�±§��=�Tk�01ún8"

y²µ¿©5µ́ yé?Û�01�é'§A � B§B j= '%ºA j= '"Ïd§

�Tk�01ún8�§A � B§KB j= �%ºA j= �§=B j= T%ºA j= T"

7�5µ�T3f�.e�±"�01�é83k�Û�eµ4"£Ü6�d

u�01�é��éÑÀ��
0
1�é"¤dþ¡�Ún§��y§é?Û�.A;B§

XA j= T§�?Û3A¥k���01�é�3B¥k�§KB j= T"�d�A j=
T�?Û3A¥k���01�é�3B¥k�"-�B�B�ã"ky²T [�Bk
�."�d�k�8� = f�1 (cb1 ; :::; cbn) ; :::; �m (cb1 ; :::; cbn)g � �B§Ù¥�i (x1; :::; xn)´L�
úª§b1; :::; bn 2 B"KB j= 9x1:::9xn (�1 (x1; :::; xn) ^ ::: ^ �m (x1; :::; xn))"¤
±B 2 8x1:::8xn: (�1 ^ ::: ^ �m)"ù´�01�é"¤±db�A 2 8x1:::8xn: (�1 ^ ::: ^ �m)"
¤±A j= 9x1:::9xn (�1 ^ ::: ^ �m)"¤±A�)ä����."duA j= T§¤

±T [ �k�.§=T [�B�z�k�f8k�."¤±T [�Bk�.B0"

dB0 j= �B���B0¦�B � B0jL"Ï�T3f�.e�±§dB0 j= T�

�B j= T"y."

½n 3.3.3£C&K3.2.3¤L�nØT3�.ó¿e�±§��=�Tk�02ún
8"

y²µ¿©5µ�A0 � A1 � :::´dT��.�¤��.ó§A = [iAi´T
�.ó�¿"A0 � A1 � :::´�01ó§¤±d½n2.3.3§X'´�

0
2�é§�Ai j=

'éi = 0; 1; :::§KA j= '"Ïd§éT�?¿�02ún'AkA j= '"¤±A j= T"

7�5µ�T3�.ó¿e�±"�02�é�8ÜéÛ�µ4"¤±dþ¡

�Ún§��y§é?Û�.A;B§XA j= T§�?Û3A¥k���02�é�

3B¥k�§KB j= T"�d�A j= T�?Û3A¥k���02�é�3B¥k

�"K?Û3B¥k���02�é�3A¥k�"·���E�.óB = B0 �
A1 � B1 � A2 � :::¦�A � A1 � A2 � :::§B0 4 B1 4 :::"-

� =
�
' : '�LB0

��01�é� (B0)B0
j= '

	
§

=B0��01ã"�±y²§
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A^

£1¤Th (A) [ �k�."
y²µ�' (cb1 ; :::; cbn) 2 �§Ù¥' (x1; :::; xn)�L�úª§b1; :::; bn 2 B0"

KB0 j= 9x1:::9xn' (x1; :::; xn)"ù´�02�é§¤±A j= 9x1:::9xn' (x1; :::; xn)"
¤±Th (A)[f' (cb1 ; :::; cbn)gk�."Ï��3k��eµ4"dd��Th (A)[
��?Ûk�f8k�."¤±Th (A) [ �k�."y."

£�½n�y²"�A01 j= Th (A) [ �"A01´LB0��.§�L«�A
0
1 =

(A1; b)b2B0
§Ù¥A1�L��.§A1 j= Th (A)"ÏdA1 � A"Ï�A01 j= �§� �

�B0
=B0�ã§¤±(B0)B0

�Ó�i\uA01¥"¤±Ø��B0 � A01 = A1§

(B0)B0
� A01"¤±§B0 � A1"q�±y²§

£2¤Th
�
(B0)B0

�
[�A01k�."

y²µ�' (ca1 ; :::; can)��A01¥k��úª�Ü�§Ù¥' (x1; :::; xn)�LB0
�

úª§a1; :::; an 2 A1�B0"ùp�½§éb 2 B0§3�ó)äLB0 ;LA1¥·�^

Ó��#~�cb5�Lb"(A01)A1
j= ' (ca1 ; :::; can)"¤±A

0
1 j= 9x1:::9xn' (x1; :::; xn)"

' (ca1 ; :::; can)´m�é§¤±9x1:::9xn' (x1; :::; xn)´LB0
��01�é"dA

0
1 j=

���(B0)B0
j= 9x1:::9xn' (x1; :::; xn)"¤±(B0)B0

�)ä�' (ca1 ; :::; can)�

�."¤±Th
�
(B0)B0

�
[�A1�?Ûk�f8k�."¤±Th

�
(B0)B0

�
[�A1k

�."y."

£�½n�y²"�B0
1 j= Th

�
(B0)B0

�
[ �A01"B

0
1´LA1��.§�L

«�B0
1 = (B1; a)a2A1

§Ù¥B1�L��.§(B1)B0
j= Th

�
(B0)B0

�
"dB0

1 j=
�A01��A

0
1�Ó�i\uB

0
1¥§Ïd��B

0
1¦�A1 � B1§A01 � B0

1"¤±A1 �
B1"d(B1)B0

j= Th
�
(B0)B0

�
��B0 4 B1"¤±kB0 � A1 � B1§A � A1§

B0 4 B1"éL�?¿�02�é'§XA1 j= '§KA j= '§¤±db�B0 j= '§q

duB0 4 B1§¤±B1 j= '"¤±éA1;B1�­Eþ¡��E��A2;B2¦

�B1 � A2 � B2§A1 � A2§B1 4 B2"aq/��B = B0 � A1 � B1 �
A2 � :::¦�A � A1 � A2 � :::§B0 4 B1 4 :::"

dA � A1 � A2 � :::��Ai j= Téi = 0; 1; :::"¤±db�T3�.ó¿e

�±§Ak[iAi j= T"�[iAi = [iBi"¤±[iBi j= T"qduB0 4 B1 4 :::§

AkB0 4 [iBi"¤±B0 = B j= T"y."

½n 3.3.4 £C&K3.2.4¤L�nØT3Ó�e�±§��=�Tk�ún8"
y²µ́ y�úª3Ó�e�±§=é�úª' (x1; :::; xn)§f : A ' B§

9a1; :::; an 2 AkA j= ' [a1; :::; an]%ºB j= ' [f (a1) ; :::; f (an)]"¤±T½n

�¿©5w,"

7�5µ�T3Ó�e�±"̂ AposBL«éL�?Û��é'§A j= '%

ºB j= '"dþ¡�Ún§��y§éL�?Û�.A;B§A j= T�AposB%

ºB j= T"�d�A j= T�AposB"��EA = A0 4 A1 4 A2 4 :::§B = B0 4
B1 4 B2 4 :::§9f0 : A0e�B1§f1 : A1e�B2§...§¦�f0 � f1 � :::§�ran (f1) �
B1§ran (f2) � B2§..."dd��([ifi) : [iAi ' [iBi"
A = A0 4 [iAi§¤
±[iAi j= T§2dT3Ó�e�±��[iBi j= T§2duB = B0 4 [iBi§¤
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±B j= T"

-

� =
�
' : '�LA0���é¦� (A0; a)a2A0

j= '
	
"

�y²

£1¤Th
�
(B0; b)b2B0

�
[ �k�."

y²µ�' (ca1 ; :::; can) 2 �§Ù¥' (x1; :::; xn)�L�úª§a1; :::; an 2 A0"
KA0 j= 9x1:::9xn' (x1; :::; xn)"9x1:::9xn' (x1; :::; xn)�L���é§¤±db
�AposBkB0 j= 9x1:::9xn' (x1; :::; xn)"¤±(B0; b)b2B0

�)ä�' (ca1 ; :::; can)�

�."¤±Th
�
(B0; b)b2B0

�
[��?Ûk�f8k�."¤±Th

�
(B0; b)b2B0

�
[

�k�."y."

£�½ny²"�B0
1 j= Th

�
(B0; b)b2B0

�
[�"B0

1´LB0[A0
��."dB0

1 j=
Th
�
(B0; b)b2B0

�
��B0�Ð�i\uB1 = B0

1jL¥"¤±��B0
1¦�B0 �

B1§B0 4 B1"¤±B0
1�L«�(B1; b; f0 (a))b2B0;a2A0

§Ù¥f0 (a)�#~�ca3B0
1¥

�)º"¤±f0 : A0 ! B1"dB0
1 j= ���f0 : A0e�B1§
�

(A0; a)a2A0
pos (B1; f0 (a))a2A0

"

2-

� =
n
:' : '�LA0[B1

���é¦� (B1; f0 (a) ; b)a2A0;b2B1
j= :'

o
"

�y²

£2¤Th
�
(A0; a)a2A0

�
[ �k�."

y²µ�:' (cb1 ; :::; cbn) 2 �§Ù¥' (x1; :::; xn)�LA0
�úª§b1; :::; bn 2

B1"K(B1; f0 (a))a2A0
j= 9x1:::9xn:' (x1; :::; xn)"9x1:::9xn:' (x1; :::; xn)�LA0

�

��é�Ä½§¤±d(A0; a)a2A0
pos (B1; f0 (a))a2A0

k(A0; a)a2A0
j= 9x1:::9xn:' (x1; :::; xn)"

¤±(A0; a)a2A0
�)ä�:' (cb1 ; :::; cbn)��."¤±Th

�
(A0; a)a2A0

�
[��?

Ûk�f8k�."¤±Th
�
(A0; a)a2A0

�
[ �k�."y."

£�½ny²"�A01 j= Th
�
(A0; a)a2A0

�
[�"A01´LA0[B1

��."dA01 j=
Th
�
(A0; a)a2A0

�
§��A0 � A1§(A0; a)a2A0

4 A01jLA0
"¤±A01�L«�(A1; a; g1 (b))a2A0;b2B1

§

Ù¥g1 (b)�#~�cb3A01¥�)º"g1 : B1 ! A1"dA01 j= ���

(A1; a; g1 (b))a2A0;b2B1
pos (B1; f0 (a) ; b)a2A0;b2B1

"

,�ò(A1; a; g1 (b))a2A0;b2B1
�(B1; f0 (a) ; b)a2A0;b2B1

À�þ¡�A0�B0§Ó

þ��EB2; f1¦�

(B1; f0 (a) ; b)a2A0;b2B1
4 (B2; f0 (a) ; b)a2A0;b2B1

§

f1 : (A1; a; g1 (b))a2A0;b2B1
e� (B2; f0 (a) ; b)a2A0;b2B1

§


�

(A1; g1 (b) ; a)b2B1;a2A1
pos (B2; b; f1 (a))b2B1;a2A1

"
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A^

Ïdéa 2 A0§f1 (a) = f0 (a)§=f0 � f1"éb 2 B1§f1 (g1 (b)) = b§¤

±ran (f1) � B1"¤±k

A0 4 A1

&f0 "g1 &f1

B0 4 B1 4 B2

Ón��EA2;B3; :::��÷v¤I^�"y."

íØ 3.3.5£C&K3.2.5¤���é�±£1¤f�.§£2¤�.ó¿§½£3¤

Ó�§��=�§Ü6�du��£1¤�¡é§£2¤�02�é§½£3¤��é

½gñé"



1oÙ �ê��nØ��ê�.

�Ù��Ä�ê�ó"·���	�ê�ó���nØ��ê�."

§4.1 �f�.���.

�T´L���nØ"¡L�úª' (x1; :::; xn)3T¥��§bXéL�?Û
úª (x1; :::; xn)§

T j= ' (x1; :::; xn)!  (x1; :::; xn)§½ö

T j= ' (x1; :::; xn)! : (x1; :::; xn)

Tk��¤á"5¿§d�AkT�' (x1; :::; xn)��§=T 2 :9x1:::9xn' (x1; :::; xn)§
Ï�eØ,§þ¡ü�Ñò¤á"
�§dT��§d�AkT j= 9x1:::9xn' (x1; :::; xn)"

éL��.A§L�úª' (x1; :::; xn)½Â�N�Aþ���n�'X

'A = f(a1; :::; an) 2 An : A j= ' [a1; :::; an]g ;

��§¡��n�'XR � An��½Â�§bXkL�úª' (x1; :::; xn)¦�R =
'A"w,§�½Â'X�k��!k�¿ÚÖ�´�½Â�",	w,§A j=
' (x1; :::; xn) !  (x1; :::; xn)��=�'A �  A"¡������½Ân�'

XR � An�4��½Â�§bXé?ÛÙ§�½Â�n�'XR0§�oR �
R0§�oR � R0 = An�R0"w,§éü���4��½Â�n�'XR1; R2§
�oR1 = R2§�oR1\R2 = ?"5¿§�U�3�½Â�n�'XR1; R2; :::¦
�R1 ! R2 ! R3 ! :::§Ïdù
ÑØ´4��½Â�n�'X"

XA j= T
' (x1; :::; xn)3T¥��§K'A���4��½Â"��§�T�

�
é,�A j= T§'A´���4��½Â�"Ké?Û (x1; :::; xn)§A j=
' (x1; :::; xn)!  (x1; :::; xn)½öA j= ' (x1; :::; xn)! : (x1; :::; xn)"2dT�
�§AkT j= ' (x1; :::; xn)!  (x1; :::; xn)½öT j= ' (x1; :::; xn)! : (x1; :::; xn)§
=' (x1; :::; xn)3T¥��"¤±·�k§

·K 4.1.1 �T´L���nØ§' (x1; :::; xn)´L�úª"X' (x1; :::; xn)3T¥
��§Kéz�A j= T§'A���4��½Â"��§Xé,�A j= T§'A´

���4��½Â�§K' (x1; :::; xn)3T¥��"

¡úª� (x1; :::; xn)3T¥���§bXk3T¥���úª' (x1; :::; xn)¦

�

T j= ' (x1; :::; xn)! � (x1; :::; xn)"

5¿§d��AkT�� (x1; :::; xn)��§
�dT��AkT j= 9x1:::9xn� (x1; :::; xn)"
w,§� (x1; :::; xn)3T¥���§��=�3T�,�£9¤k¤�.A¥§�A�

¹��4��½Â�n�'X"

49
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¡T��f�§bXz��T���úª���"w,§T´�f�§��

=�3T�,�£¤k¤�.A¥§z����½Â�n�'XÑ�¹��4�

�½Â�n�'X"

¡�.A��f�§bXé?Ûn > 0§?Ûa1; :::; an 2 A÷v��3Th (A)¥
���úª§=z�n�|(a1; :::; an)Ñáu,�4��½Â�n�'X§Ïd

¤k4��½Â�n�'X�¤An���y©"

~ 4.1.1 �T��"úª' (x1; :::; xn) = (x1 = c1 ^ ::: ^ xn = cn)3T¥��"

Ï�

j= 8x1:::8xn (' (x1; :::; xn)!  (x1; :::; xn))$  (c1; :::; cn) ;

j= 8x1:::8xn (' (x1; :::; xn)! : (x1; :::; xn))$ : (c1; :::; cn)"


dT��§�oT j=  (c1; :::; cn)§�oT j= : (c1; :::; cn)"�A j= T�A¥�

NÑ´~�ÎÒ�)º§KA´�f�§Ï��NcA1 ; :::; c
A
n÷v��úª(x1 = c1 ^ ::: ^ xn = cn)"

aq/§Xt1; :::; tn�Ø¹C���§¡�4�§Kúª(x1 = t1 ^ ::: ^ xn = tn)�

3T¥��"XA j= T�A¥�NÑ´4���§KA´�f�§Ï��NtA1 ; :::; t
A
n÷

v��úª(x1 = t1 ^ ::: ^ xn = tn)"

~ 4.1.2 êØ�IO�.N´�f�.§Ï�z��NÑ´,�4�S:::S0�

�"���êØTh (N)�?Û�IO�.AØ´�f�."Ï�§�a 2 A´A¥
���IOê§�úª' (x)¦�A j= ' [a]§KA j= 9x' (x)§¤±N j= 9x' (x)§
¤±kg,ên¦�N j= ' (n)§ÏdA j= ' (n)§=A j= ' [n]"- (x)�' (x)^
:x � n§K? 6=  A  'A"¤±'AØ´4��½Â�§ÏdØ´3Th (A)¥

���"¤±aØ÷v?Û3Th (A)¥���úª"¤±AØ´�f�."

~ 4.1.3 z�k��.´�f�."

y²µ�A´L�k��.§a1; :::; an 2 A"�'1 (x1; :::; xn) ; '2 (x1; :::; xn) ; :::�L�
¤kgdC�Ñ3x1; :::; xn¥�úª§éi = 1; 2; :::§XA j= 'i [a1; :::; an]§

-�i = 'i§ÄK-�i = :'i"ÏdA j= �i [a1; :::; an]é?Ûi = 1; 2; :::"¤

±(a1; :::; an) 2 \1i=1�Ai "Ï�z��Ai ´k�8§�½km¦�\1i=1�Ai =\mi=1�Ai "
-' = �1 ^ :::^ �m§K'A = \1i=1�Ai "é?¿i = 1; 2; :::§XA j= 'i [a1; :::; an]§

K�i = 'i§¤±'A � 'Ai ¶XA j= :'i [a1; :::; an]§K�i = :'i§¤±'A �
(:'i)A"¤±'A´4��½Â�"¤±'3Th (A)¥��§=a1; :::; an÷v�
�3Th (A)¥���úª"¤±A´�f�."y."

~ 4.1.4 Ãà:È��5S�.´�f�."

y²µ�A = hA;�i´Ãà:È��5S�.§a1; :::; an 2 A"a1; :::; an÷
vC�v1; :::; vn���ü�� (v1; :::; vn)"?� (v1; :::; vn)§d½n2.1.49Ún2.1.2§

Th (A) j= � !  ½öTh (A) j= � ! : §¤±�´3Th (A)¥���úª"¤
±A´�f�."y."
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~ 4.1.5 �L = fP0; P1; :::g§Ù¥z�Pi´��¢cÎÒ§q�

T =

(
9x (Pi1 (x) ^ ::: ^ Pim (x) ^ :Pj1 (x) ^ ::: ^ :Pjn (x)) :

i1; :::; im; j1; :::; jn�ØÓ�g,ê

)
"

KT��§�vk?Û3T¥���úª' (x)§¤±Tvk�f�."

y²µkÚ?�
PÒ"-Ln = fP0; :::; Png"é?¿0-1S�l = (l0; :::; ln)§
-'l (x) = P 00 (x)^:::^P 0n (x)§Ù¥§�li = 0�P 0i (x)�Pi (x)§�li = 1�P 0i (x)�:Pi (x)"
é?¿A j= T§PAl = 'Al "w,§é?Ûl; l

0§Al 6= ?§Al = Al0 [ Al1§
Xl � l0KAl � Al0§Xl  l0�l0  lKAl \Al0 = ?"Ïdz�Al´Ã¡8"
w,T�kÃ¡�."�yT��§��yT�?Ûü��êÃ¡�.�

d"�d�A;B´T�ü��êÃ¡�.§ ´L�?��é"k��n � 0¦
� ´Ln��é"�l1; :::; l2n+1´¤k�Ý�n+1�0-1S�§KA = Al1 [ :::[
Al2n+1�A���y©§
�z�Ali´�êÃ¡8"éBkÓ��y©B =

Bl1 [ :::[Bl2n+1§
�z�Bli´�êÃ¡8"¤±�31-1N�f : A! B¦�

éz�i = 1; :::; 2n+1§f jAli : Ali ! Bli´1-1N�"w,§éz�k = 0; :::; n§

a 2 A§kA j= Pk [a]��=�B j= Pk [f (a)]"¤±f : AjLn �= BjLn"¤
±A j=  ��=�B j=  "¤±A � B"
�yvk?Û3T¥���úª' (x)§�' (x)3T¥��"�' (x)´Ln�

úª§A j= T"ka 2 A¦�A j= ' [a]"�3�Ý�n+1�0-1S�l¦�a 2 Al"
Xa0 2 Al§Óþ���3f : AjLn �= AjLn§¦�f (a) = a0§f (a0) = a§f (u) =

uéu 6= a; a0"ÏdAkA j= ' [a0]"¤±Al � 'A§=A j= 'l (x) ! ' (x)"¤

±T j= 'l (x) ! ' (x)"db�' (x)3T¥��§é?Û� (x)kT j= ' (x) !
� (x)½öT j= ' (x) ! :� (x)"¤±AkT j= 'l (x) ! � (x)½öT j= 'l (x) !
:� (x)"��� (x)�Pn+1 (x)�§N´y²T j= 'l (x) ! � (x)�T j= 'l (x) !
:� (x)ÑØ¤á§Ï�§cö%ºAl � Al0§�ö%ºAl � Al1§�Al0 6= ?§
Al1 6= ?§Al = Al0 [ Al1gñ"¤±' (x)Ø3T¥��"¤±vk?Û3T¥
���úª' (x)"y."

½n 4.1.2£C&K2.3.2¤�T��§KTk�ê�f�.��=�T´�f�"

y²µ7�5µ�Tk�ê�f�.A§' (x1; :::; xn)�T��§=T[f9x1:::9xn' (x1; :::; xn)g�
�"dT��§AkT j= 9x1:::9xn' (x1; :::; xn)§¤±A j= 9x1:::9xn' (x1; :::; xn)§
=ka1; :::; an 2 A¦�A j= ' [a1; :::; an]"Ï�A´�f�§k��úª� (x1; :::; xn)¦

�A j= � [a1; :::; an]"d� (x1; :::; xn)��§AkT j= � ! '½T j= � ! :'"
dA j= ' [a1; :::; an]�A j= � [a1; :::; an]§AkT j= � ! '§='���"¤±T´

�f�"

¿©5µ�T´�f�"�¦�T��.A��f�§7Lé?Ûa1; :::; an 2
Ak��úª' (x1; :::; xn)¦�A j= ' [a1; :::; an]§=A 2 :' [a1; :::; an]§=a1; :::; anØ
U¢y

�n =
�
:' (x1; :::; xn) : ' (x1; :::; xn)�3T¥���úª

	
§
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=��A�Ñ¤k�n; n = 1; 2; :::"d2Â�Ñ.½n3.1.7§��yTÛÜ�Ñ

z��n"�d�� (x1; :::; xn)�T��"dT´�f�§k��úª' (x1; :::; xn)¦

�T j= '! �"¤±T 2 '! :�§=T 2 � ! :'"¤±TØÛÜ¢y�n§=TÛ
Ü�Ñ�n"y."

½n 4.1.3 £C&K2.3.3¤�A;B��ê�f�.�A � B§KA �= B"
y²µXA½B´k��.§d·K1.2.6§(Ø¤á"¤±�A;B��ê

Ã¡�"PT = Th (A) = Th (B)"�A = fa0; a1; :::g§B = fb0; b1; :::g"Ä
k�òa0; a1; :::9b0; b1; :::­#ü�¤a00; a

0
1; :::9b

0
0; b

0
1; :::§¦�é?Ûn � 0§

a00; :::; a
0
n9b

0
0; :::; b

0
n÷vÓ����úª' (x0; :::; xn)"

�n � 0§�®��a00; :::; a
0
n�19b

0
0; :::; b

0
n�1¦�§�÷vÓ����ú

ª (x0; :::; xn�1)"n = 0��� �?�Ü6k�ª"-a0n�a0; a1; :::¥1��

Ø3a00; :::; a
0
n�1¥Ñy���"Ï�A´�f�.§a

0
0; :::; a

0
n�1; a

0
n÷v���

�úª' (x0; :::; xn)"¤±A j= 9xn'
�
a00; :::; a

0
n�1; xn

�
"n � 1�§Ï� (x0; :::; xn�1)´

��úª§T j=  ! 9xn'½T j=  ! :9xn'"n = 0�ù��¤á§Ï

�9xn'´�é
T��"�duA j=  
�
a00; :::; a

0
n�1

�
9A j= 9xn'

�
a00; :::; a

0
n�1; xn

�
§

�U´T j=  ! 9xn'"¤±B j=  ! 9xn'"db�B j=  
�
b00; :::; b

0
n�1

�
§¤

±B j= 9xn'
�
b00; :::; b

0
n�1; xn

�
"¤±db0n 2 B¦�b00; :::; b0n�1; b0n�÷v��ú

ª' (x0; :::; xn)"éi = 1; :::; n�1§A j= (:xn � xi) [a
0
0; :::; a

0
n]§
d' (x0; :::; xn)�

�§T j= ' ! :xn � xi½T j= ' ! xn � xi§¤±�U´T j= ' !
:xn � xi§¤±B j= ' ! :xn � xi§¤±b0n 6= b0i"=b

0
0; :::; b

0
n�1; b

0
n´B¥

ØÓ���"2�b0; b1; :::¥1��Ø3b00; :::; b
0
n�1; b

0
n¥Ñy����b

0
n+1§

KÓn��a0n+1 6= a00; :::; a
0
n�1; a

0
n¦�a

0
0; :::; a

0
n+19b

0
0; :::; b

0
n+1÷vÓ���

�úª"ù�yA¥z���Ñ3a00; a
0
1; :::¥§B¥z���Ñ3b

0
0; b

0
1; :::¥§

=a00; a
0
1; :::Úb

0
0; b

0
1; :::©O´AÚB¥���­ü"

-f : A ! B½Â�f (a0i) = b0iéi = 0; 1; :::§Kf´1-1N�"́ �f : A �=
B"én�¢cÎÒP9a0i1 ; :::; a

0
in
2 A§�k > i1; :::; in"�a00; :::; a

0
k9b

0
0; :::; b

0
k÷

vÓ����úª' (x0; :::; xk)"XPA
�
a0i1 ; :::; a

0
in

�
§Kd'��AkT j= ' (x0; :::; xk)!

P (xi1 ; :::; xin)§Ïd��P
B
�
b0i1 ; :::; b

0
in

�
§��½,"én�¼êÎÒF§XFA

�
a0i1 ; :::; a

0
in

�
=

a0in+1§KÓ�AkT j= ' (x0; :::; xk)! F (xi1 ; :::; xin) = xin+1§Ïd��F
B
�
b0i1 ; :::; b

0
in

�
=

b0in+1"é~�ÎÒcÓ���§Xc
A = a0i§Kc

B = b0i"¤±f : A
�= B"y."

íØ 4.1.4 Ãà:È��5SnØ´!-�Æ�§=?Ûü��ê�Ãà:È

��5S�.p�Ó�"

y²µdþ¡�~f§z�Ãà:È��5S�.´�f�."duÃà

:È��5SnØ´���§?Ûü�Ãà:È��5S�.Ð��d"¤

±d½n§?Ûü��ê�Ãà:È��5S�.p�Ó�"y."

���.A¡���.§bXA�Ð�i\uTh (A)�z��.§=A�

Ð�i\uz�Ð��duA��."�.A¡��ê��.§bXA�Ð�

i\uTh (A)�z��ê�.§=A�Ð�i\uz�Ð��duA��ê�
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."

½n 4.1.5 £C&K2.3.4¤e��dµ

£1¤A´�ê�f�.¶

£2¤A´��.¶

£3¤A´�ê��."

y²µ£1¤)£2¤�A´�ê�f�.§B j= Th (A)"�A = fa0; a1; :::g"Ó
þ¡�½n�y²§�ÀJb0; b1; ::: 2 B¦�é?Ûn � 0§a0; :::; an�b0; :::; bn÷
vÓ��3Th (A)¥���úª' (x0; :::; xn)"-f : A ! B½Â�µf (ai) =

bi§éi = 0; 1; :::"�±y²f : A 4 B"�d� (y1; :::; yk)�?�úª"

�ai1 ; :::; aik 2 A¦�A j=  [ai1 ; :::; aik ]"�n > i1; :::; ik§Kai1 ; :::; aik3a0; :::; an¥"

�a0; :::; an�b0; :::; bn÷vÓ��3Th (A)¥���úª' (x0; :::; xn)"d'��§

Th (A) j= ' (x0; :::; xn)!  (xi1 ; :::; xik)½Th (A) j= ' (x0; :::; xn)! : (xi1 ; :::; xik)"
db�A j= ' [a0; :::; an]9A j=  [ai1 ; :::; aik ]AkTh (A) j= ' (x0; :::; xn) !
 (xi1 ; :::; xik)"¤±B j= ' (x0; :::; xn)!  (xi1 ; :::; xik)"2dB j= ' [b0; :::; bn]A

kB j=  [bi1 ; :::; bik ]" �¤: �Ó��(Ø¤á"¤±A j=  [ai1 ; :::; aik ]�

�=�B j=  [bi1 ; :::; bik ]"¤±f : A 4 B"
£2¤)£3¤w,"
£3¤)£1¤�A´�ê��.§a1; :::; an 2 A§�ya1; :::; an÷v����

úª"-

� (x1; :::; xn) = f
 (x1; :::; xn) : A j= 
 [a1; :::; an]g"

db�A´�ê��.§énØTh (A)�?Û�ê�.B§kf : A 4 B§¤

±B j= 
 [f (a1) ; :::; f (an)]é?Û
 (x1; :::; xn) 2 � (x1; :::; xn)"¤±B¢y� (x1; :::; xn)"
¤±Th (A)�?Û�ê�.¢y� (x1; :::; xn)§=Th (A)vk�ê�.�Ñ� (x1; :::; xn)"

d�Ñ.½n§Th (A)ØÛÜ�Ñ� (x1; :::; xn)§=Th (A)ÛÜ¢y� (x1; :::; xn)"

¤±k' (x1; :::; xn)�Th (A)���Th (A) j= ' (x1; :::; xn) ! 
 (x1; :::; xn)é

¤k
 (x1; :::; xn) 2 � (x1; :::; xn)"é?Û (x1; :::; xn)§ (x1; :::; xn) 2 � (x1; :::; xn)½
ö: (x1; :::; xn) 2 � (x1; :::; xn)"¤±§Th (A) j= ' (x1; :::; xn)!  (x1; :::; xn)½Th (A) j=
' (x1; :::; xn)! : (x1; :::; xn)"d' (x1; :::; xn)�Th (A)��§ØUüöÓ�¤
á"¤±' (x1; :::; xn)3Th (A)¥��"qÏ�d' (x1; :::; xn)�Th (A)��§

Th (A) 2 ' (x1; :::; xn) ! :' (x1; :::; xn)"¤±' (x1; :::; xn) 2 � (x1; :::; xn)§

=A j= ' [a1; :::; an]"¤±a1; :::; an÷v����úª"y."

§4.2 �ê�Ú�.��ê��.

¡L��.A�!-�Ú�.§bXé?Ûk�8Y � A§?ÛLYúª8� (x)§
X� (x)�Th (AY )��§K� (x)3AY¥¢y"¡A��ê�Ú�§bXA�ê

�´!-�Ú"

~ 4.2.1 X�cnØ��êÃ¡�.´�ê�Ú�"
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y²µ�A�X�c�ó����êÃ¡�.§Y � A�A�k�f8§

LYúª8� (x)�Th (AY )��§=k�.B j= Th (AY )�B¢y� (x)"dB j=
Th (AY )§Th (A) � Th (AY )��B�½�´Ã¡�."Ø��B´�êÃ¡

�"½Âf : A! BXeµéa 2 Y§-f (a) = cBa ¶-f j (A� Y )�(A� Y )�B��
cBa : a 2 Y

	
�m�1-1éA"ù��1-1éA�3§Ï�(A� Y )�B�

�
cBa : a 2 Y

	
Ñ

´�êÃ¡�"dB j= Th (AY )N´�yf : AY �= B"¤±� (x)�3AY¥¢
y"¤±A´!-�Ú�"y."

~ 4.2.2 �Q�knê8§KÃà:È��5S�.A = hQ�i´�ê�Ú
�"

y²µ�k�8Y = fq1; :::; qkg � Q§�(LOrd)Y�úª8� (x)�Th (AY )�
�§¤±k�ê�.B j= Th (AY )¦�B¢y� (x)"dB j= Th (AY )��B�

´�ê�Ãà:È��5S�.§
�§-bi = cBqiéi = 1; :::; k§Kq1; :::; qk�b1; :::; bkS

Ó�"�±y²§ù�SÓ��*Ü�Q�B�SÓ�"�d�p1; p2; :::�Q¥
¤k�����ü�§�u1; u2; :::�B¥¤k�����ü�"�p1; p2; :::¥1

��Ø3q1; :::; qk¥Ñy����qk+1§Kkbk+1 2 B¦�q1; :::; qk+1�b1; :::; bk+1S
Ó�"2�u1; u2; :::¥1��Ø3b1; :::; bk+1¥Ñy����bk+2§Kkqk+2 2
Q¦�q1; :::; qk+2�b1; :::; bk+2SÓ�"XdUYe�§��q1; q2; ::::�b1; b2; :::§
¦�qi 7�! bi§i = 1; 2; :::§́ Q�B�SÓ�§§¦�qi�éA�cBqi§¤±§�
´AY�B�Ó�"¤±§dB¢y� (x)��AY¢y� (x)"¤±A´!-�Ú�"

y."

Ún 4.2.1 L = ?´X�c�ó§A;B´L�Ã¡�.§a1; :::; an 2 A§b1; :::; bn 2
B§
�é?Ûi; j = 1; :::; nkai = aj��=�bi = bj§KéL�?Ûúª' (x1; :::; xn)§
A j= ' [a1; :::; an]��=�B j= ' [b1; :::; bn]"

y²µé'8B"'��fúª!Ä½ª!Ü�ª��/Ñw,"

�'�9xn+1 (x1; :::; xn; xn+1)§q�A j= 9xn+1 [a1; :::; an; xn+1]"Ïd
kan+1 2 A¦�A j=  [a1; :::; an; an+1]"dB´Ã¡8§�½kbn+1 2 B¦

�é?Ûi = 1; :::; n + 1§ai = an+1��=�bi = bn+1"Ïdd8Bb�§

B j=  [b1; :::; bn; bn+1]§¤±B j= 9xn+1 [b1; :::; bn; xn+1]"��½,"¤±A j=
' [a1; :::; an]��=�B j= ' [b1; :::; bn]"y."

¡Ún¥�ü�S�a1; :::; an�b1; :::; bné�Ó'XÓ�"

~ 4.2.3 �L = fc0; c1; :::g§T = f:ci � cj : i 6= j; i; j = 0; 1; :::g§�ê�.A j=
T§A =

�
cAi : i = 0; 1; :::

	
[X§Ù¥

�
cAi : i = 0; 1; :::

	
\X = ?"KX = ?�A´

�f�§X´�êÃ¡8�A´�ê�Ú�"

y²µX = ?�§A�z��NÑ´~�ÎÒ�)º§¤±A´�f�"

�X´�êÃ¡8§�yA´!-�Ú�"�d�k�8Y � A"Ø��Y =�
cA0 ; :::; c

A
n

	
[ fa0; :::; amg§Ù¥a0; :::; am 2 X"�LYúª8� (x)�Th (AY )�

�§=k�.B j= Th (AY )�B¢y� (x)"w,BÃ¡"�B =
�
cBi : i = 0; 1; :::

	
[

Z�Ø��¿"Pbj = cBaj ; j = 0; :::;m"dB j= Th (AY )��b0; :::; bm 2 Z§
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�éi; i0 = 0; 1; :::§cAi = cAi0��=�c
B
i = cBi0§éj; j

0 = 0; :::;m§aj = aj0�

�=�bj = bj0"db�B¢y� (x)§=kb 2 B¦�B j= � [b]"Ï�X��

êÃ¡8§�½ka 2 A¦�éi = 0; 1; :::§a = cAi ��=�b = cBi §
�

éj = 0; :::;m§a = aj��=�b = bj"�±y²AY j= � [a]"é� (x)¥?�ú
ª' (x)§̂ �AY j= ' [a]q�L��

AY jL= j= '0
�
cA0 ; :::; c

A
k ; a0; :::; am; a

�
§

Ù¥L=´X�c�ó§'0´X�cúª§́ òúª' (x)¥Ñy�~�ÎÒci; caj�

�¤C��¤�"�A/§B j= ' [b]�L��

BjL= j= '0
�
cB0 ; :::; c

B
k ; b0; :::; bm; b

�
"

dc¡�y²®�§ü�S�cA0 ; :::; c
A
k ; a0; :::; am; a�c

B
0 ; :::; c

B
k ; b0; :::; bm; bé�

Ó'XÓ�"Ïddþ¡�Ún§AY j= ' [a]��=�B j= ' [b]"¤±dB j=
� [b]��A j= � [a]"y."
~ 4.2.4 k��.o´�ê�Ú�"

y²µ�Ak�§KAYk�§¤±dB j= Th (AY )��B �= AY§ÏdB j=
� [b]%ºka¦�A j= � [a]"y."

¡��úª8� (x1; :::; xn)����§bXk���.¢y§§=k�.A§

a1; :::; an 2 A¦�A j= � [a1; :::; an]"w,§� (x1; :::; xn)´���§��=�é
#~�c1; :::; cn§�é8� (c1; :::; cn)´���"¡� (x1; :::; xn)�4����§

bX§´���§�é?Û' (x1; :::; xn)§� (x1; :::; xn) [ f' (x1; :::; xn)gØ�
�§d�q¡� (x1; :::; xn)���nC��."w,§� (x1; :::; xn)´4���

�§��=�k�.A§a1; :::; an 2 A¦�� (x1; :::; xn) = f' (x1; :::; xn) : A j= ' [a1; :::; an]g§
=� (x1; :::; xn)´¤k÷va1; :::; an�úª�8Ü"ù��� (x1; :::; xn)¡�a1; :::; an�

."

�� (x1; :::; xn)´��.§nØT � � (x1; :::; xn)§K¡� (x1; :::; xn)�T�
."w,§� (x1; :::; xn)´T�.§��=�� (x1; :::; xn)´T�,��.¥�,


���."���.A�.�nØTh (A)�.§=,��AÐ��d��.

¥�,
���."

~ 4.2.5 �A´Th (N)��IO�.§KÙ¥�Ã¡�a�.�¹úª:x �
0;:x � S0; :::"IO�.N¥vk�N�.¬�¹¤kù
úª"

éúª8� (x1; :::; xn)Úúª' (x1; :::; xn)§bXé?Û�.A9?¿a1; :::; an 2
AkA j= � [a1; :::; an]%ºA j= ' [a1; :::; an]§KP� (x1; :::; xn) j= ' (x1; :::; xn)"

5¿§ù�1�Ù½Â�úª8�úª�m�Ü6%º'Xk¤ØÓ"w,§

� (x1; :::; xn) j= ' (x1; :::; xn)��=�é?¿#~�c1; :::; cn§� (c1; :::; cn) j=
' (c1; :::; cn)"

íØ 4.2.2 �c1; :::; cn´ØáuL�#~�§L0 = L[fc1; :::; cng"X� (x1; :::; xn)´L�
.§K� (c1; :::; cm; xm+1; :::; xn)´L0�."��§X� (xm+1; :::; xn)´L0��.§
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K

� (x1; :::; xn) = f� (x1; :::; xn) : � (c1; :::; cm; xm+1; :::; xn) 2 � (xm+1; :::; xn)g

´L�."
y²µdb�kL��.A9a1; :::; an 2 A¦�� (x1; :::; xn)´a1; :::; an�

."A�)ä�L0��.A0¦c1; :::; cm�)º�a1; :::; am§K� (c1; :::; cm; xm+1; :::; xn)¤
�A0¥am+1; :::; an�."��§kL0��.A09am+1; :::; an 2 A0¦�� (xm+1; :::; xn)´
�Nam+1; :::; an�."-a1; :::; am�cA

0

1 ; :::; c
A0

m§A = A
0jL§KA j= � [a1; :::; an]%

ºA0 j= � [c1; :::; cm; am+1; :::; an]§=� (c1; :::; cm; xm+1; :::; xn) 2 � (xm+1; :::; xn)§
��½,"¤±� (x1; :::; xn)´A¥a1; :::; an�."y."

·K 4.2.3£C&K2.3.6¤�A´!-�Ú�§Y � Ak�§LYúª8� (x1; :::; xn)�Th (AY )�
�§K� (x1; :::; xn)3A¥¢y"

y²µén8B"n = 1�=½Â"�én�1¤á"d� (x1; :::; xn)�Th (AY )�
�§kB j= Th (AY )9b1; :::; bn 2 B¦�B j= � [b1; :::; bn]"Ø��� (x1; :::; xn)3
k��eµ4"-

�0 (x1; :::; xn�1) = f9xn
 (x1; :::; xn) : 
 2 �g§

KB j= �0 [b1; :::; bn�1]§¤±�0 (x1; :::; xn�1)�Th (AY )��"Ïdd8Bb�

��§�0 (x1; :::; xn�1)3AY¥¢y§=ka1; :::; an�1 2 A¦�AY j= �0 [a1; :::; an�1]"
-Y 0 = Y [ fa1; :::; an�1g§�00 (xn) = �

�
ca1 ; :::; can�1 ; xn

�
§K�00 (xn)�LY 0ú

ª8§
�é

�
ca1 ; :::; can�1 ; xn

�
2 �00 (xn)§AY 0 j= 9xn


�
ca1 ; :::; can�1 ; xn

�
"

Ï��00 (xn)3k��eµ4§���00 (xn)�Th (AY 0)��§¤±dA´!-�Ú

�§�00 (xn)3AY 0¥¢y§=kan 2 A¦�AY 0 j= �
�
ca1 ; :::; can�1 ; an

�
"¤±A j=

� [a1; :::; an�1; an]§=� (x1; :::; xn)3A¥¢y"y."

½n 4.2.4£C&K2.3.7¤�T´L���nØ§KTk�ê�Ú�.§��=�
é?Ûn > 0§T�k�ê�nC��."

y²µ7�5µ�A´T��ê�Ú�."éT�?�.� (x1; :::; xn)§� (x1; :::; xn)�T�

�§¤±dþ¡�·K§� (x1; :::; xn)3A¥¢y§=ka1; :::; an 2 A¦�A j=
� [a1; :::; an]§=� (x1; :::; xn)´a1; :::; an�."¤±kAn�T�¤knC��.

�÷N�§¤±T�k�ê�nC��."

¿©5µ�#~�8C = fc0; c1; :::g§-L0 = L [ C§-

S =
�
� (x) :é,�k�8D � C§� (x)´�óL [D�üC��.§�T � � (x)

	
"

ky²

£a¤S´�ê�"
y²µ�D = fd1; :::; dng � C§� (x)´�óL [ D�üC��.§�T �

� (x)§=� (x)´T3L [D¥�."dþ¡�íØ��§

�0 (x1; :::; xn; x) = f
 (x1; :::; xn; x) : 
 (d1; :::; dn; x) 2 � (x)g
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´T3L¥�n+1C��."
�§X�1 (x) ;�2 (x)´T3L[D¥�ØÓ�üC
��.§K�A��01 (x1; :::; xn; x) ;�

0
2 (x1; :::; xn; x)´T3L¥�ØÓ�n+1C

��."db�§T�k�ê�ØÓ�n+1C��.§¤±T3L[D¥�k�
ê�ØÓ�üC��."qÏ��k�ê�k�8D � C§¤±S´�ê�"
y."

£�½ny²"��0 (x) ;�1 (x) ; :::�¤kT3,�L[D¥�üC��.§
�'0; '1; :::�L0�¤k�é"½ÂT0 = T; T1; T2; :::Xeµ�Tm®½Â§��§

��¹C¥k��#~�§Tm+1½ÂXeµ

£1¤XTm [ f'mg��§-T 0m = Tm [ f'mg§ÄK-T 0m = Tm¶

£2¤X'mäk/ª9x (x)§�'m 2 T 0m§K���Ø3Tm;9x (x)¥Ñ
y�#~�d 2 C§-T 00m = T 0m [ f (d)g§ÄK-T 00m = T 0m¶

£3¤X�m (x)�T 00m��§KÏ�m (x)¥��Ñyk��C¥#~�§��

Ø3�m (x) ; T 00m¥Ñy�#~�e 2 C§-Tm+1 = T 00m [ �m (e)"
d½Â§w,Tm+1�����¹C¥k��#~�"-T! = [mTm"w

,T!���±C�yâ8"¤±T!k�.A0¦�A0 =
n
cA

0
: c 2 C

o
"-A =

A0jL"A�ê§A j= T"��yA´!-�Ú�"�d�k�8Y = fa1; :::; ang �
A = A0§��LYúª8� (x) = � (ca1 ; :::; can ; x)�Th (AY )��"¤±kB j=
Th (AY )9b 2 B¦�B j= � [b]"Ø��� (x)®²*Ü¤b3B¥�."� (x)�
´T3LY¥�üC��.§=T � � (x)§Ï�T � Th (AY )"�D = fd1; :::; dng �
C¦�ai = d

A0

i ; i = 1; :::; n"ò� (x) = � (ca1 ; :::; can ; x)¥�L�Nai�#

~�cai�¤di 2 C§� (x)¤��óL [ D¥�üC��.�0 (d1; :::; dn; x)"

�0 (d1; :::; dn; x)�´T3L[D¥�üC��.§¤±é,�m§�0 (d1; :::; dn; x) =
�m (x)"�±y²�m (x)�T!��"Ï�§�
 (d1; :::; dn; x) 2 �m (x) = �0 (d1; :::; dn; x)§
K
 (ca1 ; :::; can ; x) 2 � (x)"db�� (x)�Th (AY )��§¤±9x
 (ca1 ; :::; can ; x)�Th (AY )�
�§¤±AY j= 9x
 (ca1 ; :::; can ; x)§ÏdA j= 9x
 [a1; :::; an; x]§dd��A0 j=
9x
 (d1; :::; dn; x)"Ï�T!���A0 j= T!§¤±9x
 (d1; :::; dn; x) 2 T!§
 (d1; :::; dn; x)�T!�
�"�m (x)��.´3k��eµ4�§¤±�m (x)�T!��"¤±3þ¡½

Â�1£3¤Ú§�m (x)�T 00m��§¤±ke 2 C¦��m (e) � T!§=A0 j=
�0 (d1; :::; dn; e)§¤±A j= �0

h
a1; :::; an; e

A0
i
§ddq��AY j= �

h
ca1 ; :::; can ; e

A0
i
§

=AY j= �
h
eA

0
i
§=� (x)3AY¥¢y"¤±A´!-�Ú�"y."

íØ 4.2.5 £C&K2.3.8¤�T´L���nØ§�T�k�ê�ØÓ���ê
�.§KTk�ê�Ú�."

y²µéT�?�nC��.� (x1; :::; xn)§kT��ê�.A9a1; :::; an 2
A¦���a1; :::; an3A¥�.§��dA9a1; :::; an��(½"�T�k�ê�

ØÓ���ê�.A§z��ê�.A¥q�k�ê�n�|a1; :::; an 2 A"¤
±T�õ�k�ê�ØÓ�nC��."dþ¡�½n§Tk�ê�Ú�."

y."

½n 4.2.6 £C&K2.3.9¤�L��.A;B�ê�Ú§A � B§KA �= B"
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y²µ�A = fu0; u1; :::g§B = fw0; w1; :::g"·��òu0; u1; :::�w0; w1; :::­
#ü�¤a0; a1; :::�b0; b1; :::§¦�é?Ûn � 0§(A; a0; :::; an) � (B; b0; :::; bn)"
,�½Âf : A! B§f (ai) = biéi = 0; 1; :::§K´�f : A �= B"
én48½Âan; bn"®�A � B"�®ka0; :::; an; b0; :::; bn¦�(A; a0; :::; an) �

(B; b0; :::; bn)"�u0; u1; :::¥1��Ø3a0; :::; an¥Ñy����an+1"�� (x)�an+13

�.(A; a0; :::; an)¥�.§K� (x)�Th ((A; a0; :::; an))��"db�(A; a0; :::; an) �
(B; b0; :::; bn)§¤±� (x)�Th ((B; b0; :::; bn))��"dB�ê�Ú§� (x)3(B; b0; :::; bn)¥

¢y§=kbn+1 2 B¦�(B; b0; :::; bn) j= � [bn+1]"�y²(A; a0; :::; an; an+1) �
(B; b0; :::; bn; bn+1)"�d�' (x0; :::; xn; xn+1)�L�úª§�A j= ' [a0; :::; an; an+1]"

K' (ca0 ; :::; can ; x) 2 � (x)"¤±d(B; b0; :::; bn) j= � [bn+1]��(B; b0; :::; bn) j=
' [ca0 ; :::; can ; bn+1]§=B j= ' [a0; :::; an; an+1]"¤±A j= ' [a0; :::; an; an+1]%

ºB j= ' [a0; :::; an; an+1]"�Ä:'����%º"¤±§éL�?Ûúª' (x0; :::; xn; xn+1)§
A j= ' [a0; :::; an; an+1]��=�B j= ' [a0; :::; an; an+1]"¤±(A; a0; :::; an; an+1) �
(B; b0; :::; bn; bn+1)"2�w0; w1; :::¥1��Ø3b0; :::; bn; bn+1¥Ñy����bn+2§

Ón��an+2 2 A¦�(A; a0; :::; an+2) � (B; b0; :::; bn+2)"ù�y
A¥¤k

��Ñ3a0; a1; :::¥§B¥¤k��Ñ3b0; b1; :::¥"y."

L��.A¡��ê��.§bXA´�ê�§
�?Û�AÐ��d��
ê�.�±Ð�i\uA¥"

½n 4.2.7 £C&K2.3.10¤�ê�Ú�.´�ê��."

y²µ�B�ê�Ú§A´�ê�§A � B"�A = fa0; a1; :::g"þ¡�y
²¥dan+1ÀJ�A�bn+1��Ib�B´!-�Ú�"¤±kb0; b1; ::: 2 B¦
�é?Ûn � 0§(A; a0; :::; an) � (B; b0; :::; bn)"w,§¼êf : A! B§f (ai) =

biéi = 0; 1; :::§¦�f : A 4 B"y."
~ 4.2.6 £C&K2.3.11¤�

L = fcij : i; j = 0; 1; :::g [ fPi : i = 0; 1; :::g ;

Ln = fcij : i; j = 0; :::; ng [ fPi : i = 0; :::; ng

T = f:9x (Pi (x) ^ Pj (x)) : i; j = 0; 1; :::; i 6= jg[

fPi (cij) : i = 0; 1; :::g [ f:cij � cik : i; j; k = 0; 1; :::; j 6= kg"

£1¤XA;B´T��ê�.§Ké?Ûn � 0§AjLn �= BjLn"
y²µÄk§éi; j � n§òcAijéA�c

B
ij"Ùgéi � n§PAi ¥k�êÃ¡�

ØÓucAi0; :::; c
A
in���§Ó�§P

B
i ¥k�êÃ¡�ØÓuc

B
i0; :::; c

B
in���§

ò§�?¿/1-1éAå5"��§A¥k�êÃ¡���ØáuPA0 [:::[PAn§
Ó�§B¥k�êÃ¡���ØáuPB0 [ ::: [ PBn §ò§�?¿/1-1éAå
5"ù����éA=´AjLn�BjLn�Ó�"y."
£2¤XA;B´T��ê�.§KA � B§=T´���"
y²µéL�?Û�é'§kn¦�'´Ln��é"d£1¤w,A j= '��

=�B j= '"¤±A � B"y."
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£3¤Tk2@0�pØÓ���ê�."

y²µé?�0-1Ã¡S�l = (l0; l1; :::)��E�ê�.A¦�éi � 0§

�li = 0�§PAi =
�
cAi0; c

A
i1; :::

	
§�li = 1�§PAi =

�
di; c

A
i0; c

A
i1; :::

	
§Ù¥diØÓ

ucAi0; c
A
i1; :::"w,§éØÓ�0-1Ã¡S�l; l

0§�A��.A;A0ØÓ�"¤±

k2@0�pØÓ���ê�."y."

£4¤�T��ê�.A¦�é?Ûi � 0§PAi ¥kÃ¡õ�ØÓucAi0; cAi1; :::�
��§
�A¥kÃ¡õ���ØáuPA0 [ PA1 [ :::§KA´�ê�
Ú�."

y²µ�Y = fu1; :::; ung§LY�úª8� (x)�Th (AY )��"¤±k�ê
�.B j= Th (AY )§±9wn+1 2 B¦�B j= � [wn+1]"-wk = cBuk§ék =

1; :::; n§KdB j= Th (AY )��(A; u1; :::; un) � (B; w1; :::; wn)"
�§éA

uwn+1 2 B§db�§�½kun+1 2 A¦�é?Ûi; j � 0§?Ûk = 1; :::; n§
kun+1 = cAij��=�wn+1 = cBij§�P

A
i (un+1)��=�P

B
i (wn+1)§�un+1 =

uk��=�wn+1 = wk"�±y²§éL�?Ûúª' (x1; :::; xn+1)§kA j=
' [u1; :::; un+1]��=�B j= ' [w1; :::; wn+1]"Ï�§�'´Lm�úª§d(A; u1; :::; un) �
(B; w1; :::; wn)±9ùp'uun+1�ÀJ�^�§��£1¤¥�Ó�AjLm �=
BjLm¦�u1; :::; un+1©O�éA�w1; :::; wn+1"Ïd§dB j= � [wn+1]��A j=
� [un+1]"¤±Th (AY )3�.A¥¢y§=A´�ê�Ú�."y."

~ 4.2.7 £C&K2.3.12¤�L = LOrd = f�g�S'X��ó§½Â

(x < y) =df (x � y ^ :x � y) ;

pred (x; y) =df x < y ^ :9z (x < z ^ z < y) ;

q�nØT =�5Sún[f8x9y9z (pred (y; x) ^ pred (x; z))g"
£1¤T��.T�ù�����.µ���5S§òÙ¥z����

¤�êShZ;�i��±^S"
£2¤T��"

y²µ̂ �Øþc{"én � 0§-


n (x; y) =df 9x0:::9xn (x � x0 ^ pred (x0; x1) ^ ::: ^ pred (xn�1; xn) ^ xn � y) ;

=
n (x; y)L«lx²n����U���y§½y � x = n"-

�n (x; y) =df 9x0:::9xn (x � x0 ^ x0 < x1 ^ ::: ^ xn�1 < xn ^ xn � y) ;

=y � x � n"K3T¥§x � y $ 
0 (x; y)§x � y $ �0 (x; y)§x < y $
�1 (x; y)§> $ 
0 (v0; v0)§? $ 
1 (v0; v0)§
�§

:
n (x; y)$ y < x _ 
0 (x; y) _ ::: _ 
n�1 (x; y) _ �n+1 (x; y) ;

:�n (x; y)$ y < x _ 
0 (x; y) _ ::: _ 
n�1 (x; y) :
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¤±?Ûmúª�du�

n; �n�Ü��Û�§
�?Û
n; �n; n � 0;�Ù
�|Ü�du�

n; �n�Ü��Û�"�±ÅÚy²Xe(Øµ

£2.1¤
n; �n��Ü�q�du>;?§½Xe5�Ü�ª�Û�µ


i1 (x0; x1) ^ ::: ^ 
in (xn�1; xn) ^ �p1 (xn; y0) ^ 
j1 (y0; y1) ^ ::: ^ 
jm (ym�1; ym)^

�p2 (ym; z0) ^ 
k1 (z0; z1) ^ :::¶

£2.2¤X' (x1; :::; xn)´5�Ü�ª§K9xi'�du>;?§½��5�Ü�
ª¶

£2.3¤z�úª' (v0; :::; vm)�du>;?§½5�Ü�ª�Û�§��ö
�gdC�Ñ3v0; :::; vm¥¶

£2.4¤z��é�du>½?§=T��"
y."

£3¤Tk2@0�pØÓ���ê�."

y²µ�±ky²k2@0�pØÓ���ê�5S�."é?�0-1S�§

X00110:::§òÙ¥�0�¤�ê�5SZ�����5S§XZZ11Z:::"ØJ�

y§éØÓ�0-1S�§ù�����5SØÓ�"¤±k2@0�pØÓ���

ê�5S�."ò���ê�5S¥�z���Ñ�¤Z���T��."Ø

J�y§éü�ØÓ���5S§ù����T��.�ØÓ�"¤±k2@0�

pØÓ��T��."y."

£4¤Z = hZ;�i´T��f�."
y²µ�a0; :::; an 2 Z§��§��l����ü�"k��/X


k1 (x0; x1) ^ ::: ^ 
kn (xn�1; xn)

�úª' (x0; :::; xn)�a0; :::; an÷v"�y' (x0; :::; xn)3T¥��"�d� (x0; :::; xn)´

?�úª§�yT j= ' !  ½öT j= ' ! : "Ï�T��§��yZ j=
8x0:::8xn ('!  )½öZ j= 8x0:::8xn ('! : )"é?¿b0; :::; bn 2 Z§�Z j=
' [b0; :::; bn]"́ ykZ�gÓ�òa0; :::; anéA�b0; :::; bn§ÏdZ j=  [a0; :::; an]�

�=�Z j=  [b0; :::; bn]"¤±§�Z j=  [a0; :::; an]�§Z j= 8x0:::8xn ('!  )§

�Z j= : [a0; :::; an]�§Z j= 8x0:::8xn ('! : )"y."
£5¤�A;B´T��ê�.§Y = fa0; :::; ang � A¦�a0 < a1 < ::: <

an§
�Y = Y1 [ ::: [ Yk§Ù¥Yi¥���áuÓ�Z�E�§ØÓ
�Yi; YjKáuZ�ØÓE�§�éi < j§Yi¥���3Yj¥���

c¡§q�X = fb0; :::; bng � B¦�b0 < b1 < ::: < bn§
�kÓ�

�©)X = X1[ :::[Xk§
�Yi�Xi¥���ê8�Ó�÷v£4¤

¥�Ó���úª§Ké?Ûúª (x0; :::; xn)§A j=  [a0; :::; an]�

�=�B j=  [b0; :::; bn]"

y²µd£2¤�y²§ (x0; :::; xn)3T¥�du>§?§½5�Ü�ª�Û
�"ùp�^��y
§éi = 0; :::; n�1§ai�ai+1�m�ål�ubi�bi+1�
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m�ål"¤±§éu��5�Ü�ª (x0; :::; xn)§w,kA j=  [a0; :::; an]�

�=�B j=  [b0; :::; bn]"¤±é?Û (x0; :::; xn)(ØÑ¤á"y."

£6¤�knê�5S§òÙ¥z����¤Z§�T��.B§KB´

�ê�Ú�."

y²µ�k�8Y � B§�Y = Y1 [ :::[ Yk´X£5¤¥�©)"z�Yi¥
���÷v£4¤¥�����úª'i"éa 2 Yi§b 2 Yj§i < j§é?Ûn � 0§
a; b÷v�n (x; y)"�LY�úª8� (x)�nØTh (BY )��§=kC j= Th (BY )±

9c 2 C¦�C j= � [c]"duC j= Th (BY )§C¥�YéA���Ó��©

¤X = X1 [ ::: [ Xk"XJcáu,�Xi¤á�Z�E�§Yi¤á�Z�E�

¥k?u�A ��b"Xcáu��#�Z�E�§Kduknê�5S´

È�Ãà:�§B�½�¹�A�Z�E�§Ù¥�?¿b��c?u�A� 

�"ù��A�b�¦�BY j= � [b]"¤±� (x)3�.BY¥¢y"y."

£7¤-�.BX£6¤§-�.Cd�.B23��¡\þZ���B

���§KC´�ê��.§�Ø´�ê�Ú�."

y²µ?�T����ê�.A"d£6¤9½n4.2.7§A�Ð�/i\B¥"

d£5¤́ �§B´C�Ð�f�."¤±A�Ð�/i\C¥"¤±C´�ê�

�"��.C¥Z�����E�¥�����a§-Y = fag§� (x) = f�n (ca; x) : n = 0; 1; :::g"
CY j= �n [ca; b]¿�X§b�áu�.C¥Z�����E�§
�b � a � n"

w,§é?Û�½�n � 0§kb 2 C§¦�CY j= �i [ca; b]§éi = 0; :::; n"

¤±§� (x)�?Ûk�f83CY¥�¢y§¤±� (x)�Th (CY )��"�Ø�

3b 2 C§¦�CY j= �i [ca; b]§é¤ki = 0; 1; :::"¤±� (x)3CY¥Ø�¢y"

¤±CYØ´!-�Ú�"y."

½n 4.2.8 £C&K2.3.13¤�L�nØT��§Ke��dµ
£1¤T´!-�Æ�¶

£2¤TkQ´�ê�Úq´�f��.A¶

£3¤én < !§T�z�.� (x1; :::; xn)�¹����úª¶

£4¤én < !§T�õ�kk��C�x1; :::; xn�.¶

£5¤én < !§T�õ�kk��pØ�d�úª' (x1; :::; xn)¶

£6¤T�¤k�.´�f�"

y²µ£1¤)£2¤µ�A´T3Ó�¿Âe����êÃ¡�."T�?Û
�ê�.Ó�uA§Ïd�Ð�i\uA§¤±A´T���."d½n4.1.5§

A�´T��f."T�k�ê�pØÓ���ê�.§¤±díØ4.2.5§Tk

�ê�Ú�.§§7L�AÓ�§¤±A�´T��ê�Ú�."

£2¤)£3¤µ�� (x1; :::; xn)´T�.§K§�T��§¤±d·K4.2.3§
�Y = ?�§� (x1; :::; xn)AT3T��ê�Ú�.A¥¢y§=ka1; :::; an 2
A¦�A j= � [a1; :::; an]"Ï�Aq´�f�.§k��úª' (x1; :::; xn)¦�A j=
' [a1; :::; an]"Ï��´.§Ak' 2 �"¤±��¹����úª"
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£3¤)£4¤µé3T¥���úª' (x1; :::; xn)§-

�' = f (x1; :::; xn) : T j= '!  g"

d'3T¥����'�T��§¤±�'��T��"d'��q��§é?Û (x1; :::; xn)§

�o 2 �'§�o: 2 �'§¤±�'´��T�."X'0 (x1; :::; xn)�´��
úª§
�'0 2 �'§KT j= ' ! '0"dT j= '0 ! :'ò�Ñ'�TØ��§
¤±�UkT j= '0 ! '"¤±T j= '0 $ '§�' = �'0"d£3¤§T�z�

.� (x1; :::; xn)�¹����úª' (x1; :::; xn)"w,§� = �'"¤±§T�?Û

C�x1; :::; xn�.�L«¤ùp�/ª�'"-

� (x1; :::; xn) =
�
:' (x1; :::; xn) : ' (x1; :::; xn)�3T¥���úª

	
§

K�±y²� (x1; :::; xn)�TØ��"�Ø,§K� (x1; :::; xn)�*Ü¤T���

.� (x1; :::; xn)"Ïdk��úª' (x1; :::; xn) 2 �"�´:' (x1; :::; xn) 2 � �
�§gñ"¤±��TØ��"¤±kk����úª'1; :::; 'm¦�f:'1; :::;:'mg�
nØTØ��§=9x1:::9xn (:'1 ^ ::: ^ :'m)�nØTØ��"Ï�T��§¤
±T j= 8x1:::8xn ('1 _ ::: _ 'm)"yb�'´?�3T¥���úª§K7k�
�'i¦�T j= 'i ! '"Ï�§�Ø,§Ké¤ki = 1; :::;m§T j= 'i ! :'§
dd��T j= '1 _ ::: _ 'm ! :'§ÏdT j= :'§='�TØ��§gñ"
dT j= 'i ! 'q��T j= ' ! 'i§¤±T j= ' $ 'i"¤±�'i = �'"¤

±�'1 ; :::;�'n=�T�¤kC�x1; :::; xn�."

£4¤)£5¤µé?Ûúª' (x1; :::; xn)§-

T' =
�
� (x1; :::; xn) : �´T�.�' 2 �

	
"

�T' = T'0§KéT�?��.A§XA j= ' [a1; :::; an]§K'áua1; :::; an3�

.A�.�§¤±� 2 T'§¤±� 2 T'0§¤±'0 2 �§='0áua1; :::; an3�

.A�.§¤±A j= '0 [a1; :::; an]"¤±okA j= '$ '0"ÏdT j= '$ '0"z

�T'´T�C�x1; :::; xn�.�8Ü"�Tkm�ØÓ�C�x1; :::; xn�.§K
�õk2m�ØÓ�T'§Ïd�õk2m�pØ�d�gdC�Ñ3x1; :::; xn¥
�úª"

£5¤)£6¤µ�A j= T§a1; :::; an 2 A"�'1 (x1; :::; xn) ; :::; 'm (x1; :::; xn)�
�a1; :::; an÷v�¤kk��pØT�d�úª§-' = '1 ^ ::: ^ 'm"é

?Û (x1; :::; xn)§XA j=  [a1; :::; an]§K �du,�'i§¤±T j= ' !
 ¶XA j= : [a1; :::; an]§K: �du,�'i§¤±T j= ' ! : "¤±'´
�a1; :::; an÷v���úª"¤±A��"

£6¤)£1¤µ�A;B´T��êÃ¡�."duT��§A � B"
d£6¤§
A;B´�f�."¤±d½n4.1.3§A �= B"¤±T´!-�Æ�"y."
½n 4.2.9 �T´���nØ�k�ê�Ú�.§KTk�f�."
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y²µ�Tvk�f�."d½n4.1.2§TØ´�f�"�yTvk�ê�

Ú�.§d½n4.2.4§��yé,�n§TkØ�ê�nC��."dTØ´�

f�§k�T���3T¥Ø����úª' (x1; :::; xn)"ky²��(Ø

£1¤X (x1; :::; xn)�T���3T¥Ø���§Kk 0 (x1; :::; xn) ;  1 (x1; :::; xn)§

¦� 0;  1Ñ�T��§
�3T¥Ø���§
�T j=  0 !  §

T j=  1 !  §T j= : ( 0 ^  1)"
y²µ �T�����Ø´��úª§¤±k� (x1; :::; xn)¦�T 2  !

�§
�T 2  ! :�§¤± ^ :�Ú ^ �Ñ�T��"�- 0 =  ^ :�§
 1 =  ^ �§KT j=  0 !  §T j=  1 !  "d 3T¥Ø����� 0;  1�

3T¥Ø���"y."

£�½n�y²"é?�k�0-1S�h½Â'h (x1; :::; xn)Xeµ

£a¤'? = '"

£b¤�'h®½Â§
�'h�T���3T¥Ø���"dXþ(Ø£1¤§

��'h0; 'h1¦�T j= 'h0 ! 'h§T j= 'h1 ! 'h§'h0; 'h1Ñ�T���3T¥

Ø���§
�T j= : ('h0 ^ 'h1)"
w,§Xh´h0�cã§KT j= 'h0 ! 'h"é?�0-1Ã¡S�h = hh0; h1; :::i§

-

�h (x1; :::; xn) =
�
'?; 'hh0i; 'hh0;h1i; :::

	
"

dþ¡�½Â§S�'?; 'hh0i; 'hh0;h1i; :::¥�¡�úª3T¥%ºc¡�úª§


�Ù¥z�úªÑ�T��§¤±�h�?Ûk�f8�T��§¤±�h�T�

�"¤±�h�*Ü�T�.�h (x1; :::; xn)"�h1; h2�ü�ØÓ�0-1Ã¡S�"

Ø��kk�0-1S�h¦�hÓ�´h1; h2�cã§
h0´´h1�cã§h1´

´h2�cã"Kd£1¤9½Â§�h1¥kúª'h0§�h2¥kúª'h1§
T j=
: ('h0 ^ 'h1)"¤±�h1 [ �h2Ø�T��§¤±�h1 6= �h2"duk2

@0�ØÓ

�0-1Ã¡S�§¤±k2@0�ØÓT�.�h"y."


