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This article introduces a research project exploring a nominalistic, strictly finitistic, and truly naturalistic philosophy of mathematics. From methodological naturalism it concludes that a human cognitive subject is literally a human brain, namely, a physical system and a part of this physical world. In particular, it is not any mysterious, amorphous, non-physical ‘subject’ (e.g., a soul, transcendental ego, stream of consciousness, non-physical ‘mind’, or anything that is not literally a brain) that does not itself belong to the physical world but sees the physical world as something ‘external’ to itself. Similarly, human cognitive processes are ultimately neural activities inside brains and physical interactions between brains and their physical environments, namely, natural processes within the physical world. They are not any process in which a non-physical ‘subject’ attempts to ‘bridge the gap’ and know things in ‘the external world’. These imply that human mathematical practices are literally cognitive activities of human brains. The research argues that this should imply nominalism in philosophy of mathematics. Then, the research tries to refer to mathematical concepts and thoughts inside brains (realized as neural structures) to give nominalistic and truly naturalistic accounts of various aspects of human mathematical practices, including the meanings of mathematical concepts and thoughts, the nature of mathematical knowledge and intuition, and the (alleged) objectivity, apriority, and necessity of mathematics. These accounts will rely on some basic assumptions about human cognitive architecture accepted by most cognitive scientists, but they will focus on the philosophical and logical aspects of human mathematical practices (not the psychological aspects) and they will be independent of specific theories about human cognitive architecture.
In particular, a major effort in this research is an attempt at a logical explanation of the applicability of classical mathematics in the sciences (Ye 2011). This research argues that, under naturalism and after abstracting away physical, biological and psychological details, the problem of applicability of mathematics in the sciences becomes a logical problem. Moreover, there is a genuine logical puzzle in applying classical mathematics in the sciences, due to the fact that, in almost all scientific applications, infinity in classical mathematics is merely an approximation to strictly finite and discrete physical things in the universe above the Planck scale (about 10-35m, 10-45s etc.). This research then tries to solve the logical puzzle and offer a logical explanation of the applicability of classical mathematics in the sciences (to strictly finite and discrete physical things in the universe above the Planck scale). The strategy is to show that a significant part of applied mathematics can be developed within a strictly finitistic mathematical system called strict finitism, which is essentially quantifier-free elementary recursive arithmetic (vs. quantifier-free primitive recursive arithmetic PRA). So far, this research has developed, within strict finitism, the basics of calculus, ordinary differential equations, metric spaces, complex analysis, Lebesgue integration, the theory of unbounded linear operators on Hilbert spaces (for the applications in quantum mechanics) and semi-Riemannian geometry (for the applications in general relativity). This then implies that an application of these classical mathematical theories in the sciences can in principle be transformed into an application of strict finitism, which eliminates infinity in the application. Moreover, an application of strict finitism can be interpreted as a series of logically valid deductions on statements exclusively about strictly finite and discrete physical entities. That is, all apparent references to abstract mathematical entities in the applications of these classical mathematical theories can be eliminated. This demonstrates the applicability of these classical mathematical theories in plain logic, without assuming the literal truth of mathematical axioms or the literal existence of mathematical entities, and without making any sophisticated (and suspicious) philosophical maneuvers, such as reinterpreting mathematical statements or withdrawing one’s previous existential claims. 

This explanation of applicability is nominalistic and strictly finitistic. It is consistent with the possibility that there are only strictly finitely many concrete objects in total in the physical universe, while as a nominalistic theory, it holds that concrete objects in this physical universe are all that exist. Moreover, this explanation does not even assume the reality of ‘potential infinity’, nor does it rely on any irreducible notion of modality (in order to get infinity as a mere possibilia). However, note that this is not to suggest replacing classical mathematics with strict finitism in scientific applications. On the contrary, this is a part of a naturalistic study of the actual mathematical practices by scientists and it is meant to be a logical explanation of why applying classical mathematics in the sciences can derive literal truths about strictly finite and discrete physical things in the universe.
Overall, this research project intends to show that the following (perhaps naïve) physicalistic worldview is coherent, so far as human mathematical practices and applications are concerned: There is this physical universe. It is the only thing that exists. Human cognitive subjects are themselves complex physical systems in this physical universe and are results of evolution on the Earth. Human cognitive activities are physical processes in the universe. In particular, human mathematical practices and applications are neural activities inside the brains of working scientists, as well as physical interactions between brains and their physical environments. It is consistent with our current scientific knowledge that the entire universe, including everything involved in human mathematical practices, is strictly finite and discrete. This research tries to offer a logical explanation of why applying classical mathematics in the sciences leads to the results it actually leads to. It defenses the coherence of this physicalistic worldview against the charge that applying classical mathematics in the sciences commits one to an abstract and infinite mathematical world independent of this physical world. However, also note that the positive works in this research refer only to brains. Therefore, even if you reject naturalism and believe that there are immaterial souls besides the brains, the positive results of his research will still be acceptable to you, as long as you agree with cognitive scientists on what brains can do.
Two distinctive ideas in this research, when compared with other naturalistic and/or nominalistic philosophies of mathematics, are strict finitism and a no-self worldview. First, we have to begin with strict finitism, because scientists never straightly claim that there is infinity in the universe, and we philosophers should not be so presumptuous as to claim that we know infinity. At least, it is preferable if a strictly finitistic account of human mathematical practices is possible. Second, the scientific worldview is literally a no-self worldview. That is, we humans are literally composite physical/biological systems in the natural world, not any mysterious, amorphous, invisible and indivisible ‘subjects’ hiding inside human bodies, as many philosophers (including many sympathizers or champions of naturalism) appear to assume. (The Buddhist no-self philosophy is one of the inspirations for this research, but certainly this research relies on contemporary sciences alone, not on any Buddhist canons.) At least, accounts referring only to brains are also acceptable to you, even if you believe that there must be something else besides the brains. This research will show that these two ideas help to dismiss many illusions and resolve many puzzles in the current nominalistic and/or naturalistic philosophies of mathematics. These two ideas also introduce new research topics that are clearly about real things in the real world and that require hard technical, scientific work and can be fruitful. That is, they are not researches that might turn out to be merely about the fantasies of a whimsical philosophy or researches that might be bogged in vague, fruitless philosophical speculations.
The research project is still in progress. The rest of this article contains more detailed introductions to each part of the project and to the work done so far there. Since this is merely an introduction, I will be very sketchy. I will ignore many subtle points and focus on illustrating the main ideas. Some comments on and comparisons with Frege’s philosophy of mathematics are given at the end of this article, which will help to illustrate the ideas of this research. 
1. Naturalism
This research does not try to defend naturalism directly. It accepts naturalism from the beginning. However, its results may comeback to confirm the coherence of naturalism as a worldview. Today, many philosophers accept methodological naturalism, which is usually characterized as the position that scientific methods (vs. the so-called First Philosophical Method) are our best methods for achieving knowledge. However, this characterization contains an implicit pitfall. One could unconsciously take methodological naturalism to mean that scientific methods are the best methods for a non-physical ‘subject’ to know things in a world ‘external to the subject’. In this image of cognition, the entire universe (including human brains) will belong to the external world, and the subject stands against this external world and tries to know (or describe, or gain epistemic access to) this external world. This literally contradicts the naturalistic image of human beings. 
In the naturalistic image, human beings as cognitive subjects are themselves physical things in the physical world, and cognitive processes are ultimately physical processes. A naturalist may start her philosophical thinking with a vague conception of herself as a ‘cognitive subject’ in some undefined sense, but after accepting contemporary scientific theories from physics, genetic biology, and evolutionary theory to cognitive sciences, she should realize that she is just a physical system herself and that her own cognitive processes are physical processes in this physical universe. She should abandon any conception of herself as a ‘subject’ standing against an ‘external world’. Moreover, the scientific image of human cognitive subjects is self-consistent regarding scientific methods. That is, scientific methods are ultimately patterns of neural activities in the interactions between human brains and their physical environments. On the other side, it seems that we have to assume a non-physical subject as the user of the so-called First Philosophical Method. 
Therefore, I take the most important idea of naturalism to be this naturalistic view on cognitive subjects:
Human cognitive subjects are parts of this physical universe, and human cognitive processes are ultimately physical processes in this physical universe. 
This explicitly advises naturalists to reject conceiving of a cognitive subject as something like a little human dwelling inside a brain and trying to use the brain to know an ‘external world’, which is actually a kind of homunculus fallacy. In particular, naturalists should abandon traditional philosophical notions that may implicitly presuppose a non-physical subject. In this research, I will frequently argue that many philosophers commit to that homunculus fallacy (perhaps unconsciously) and that this is the source of many problems in their philosophical views. I will argue that many philosophical notions (e.g., reference, truth, ontological commitment, objectivity, apriority, and modality) may presuppose a non-physical subject when understood traditionally, and I will suggest replacing them with truly naturalistic notions. 
The naturalistic view on cognitive subjects is endorsed by philosophers such as Papineau (1993). It sounds like a strong version of naturalism, namely, physicalism, but my research project should be compatible with some weaker versions of naturalism, for instance, the non-physicalistic but naturalistic property dualism endorsed by philosophers such as Chalmers (1996). Because, Chalmers agrees that only phenomenal experiences elude physicalistic explanations and everything about cognitive functions are in principle accountable in physicalistic terms. Now, in philosophy of mathematics, we are interested only in the cognitive functions in human mathematical practices, not in the phenomenal experiences of practicing mathematics. The naturalistic view on cognitive subjects claims merely that human cognitive processes are ultimately physical. It says nothing about phenomenal experiences. Therefore, I expect that naturalistic property dualists such as Chalmers can also accept the positive naturalistic accounts of various aspects of human mathematical practices proposed in my research project. 
Some philosophers sympathetic with naturalism may still think that this understanding of naturalism is too radical. However, if you focus on the positive results of this research, you will see that it is actually based on a modest and cautious attitude. That is, even if you think that there has to be something else besides the brains, given contemporary cognitive sciences, you have to admit that human brains can recognize visual and speech patterns, parse language, memorize information, have semantic associations between language and other information, form concepts and thoughts (including mathematical concepts and thoughts), do symbolic inferences, manipulate visual images, and so on and so forth. That is, you have to admit that brains can do almost everything we can do in mathematical practices (although we are still too far away from knowing the details about how brains work). Then, the positive results of this research should be acceptable to you. The positive research is actually based on a minimum assumption acceptable to many different philosophical camps. Certainly, the research can be seen as an effort to show that we do not have to assume anything else (besides the brains) in our naturalistic accounts of human mathematical practices. If successful, then you can rethink about why you still believe that there is something else. There is also a chance that such researches will in the end discover and clearly identify a place where we have to assume that there is something else (besides the brains), which is also a good thing. On the other side, if you start with assuming a non-physical, amorphous, invisible and indivisible ‘subject’, the traditional philosophical speculations about the cognitive capacities of such a ‘subject’ seem to go nowhere so far.
While many philosophers will openly endorse the naturalistic view on cognitive subjects, I haven’t seen any other philosopher of mathematics emphasizing that, in our naturalistic accounts of human mathematical practices, we should abandon those traditional philosophical notions that presuppose non-physical subjects, and that we should replace them with naturalistic notions. (Some philosophers of mind are perhaps fully aware of the problems with those traditional philosophical notions, but they seem to have no influence on philosophers of mathematics.) For instance, Quine should accept the naturalistic view on cognitive subjects, for he explicitly says that humans are ‘physical denizens of the physical world’ (Quine 1995, p.16). However, it seems that Quine implicitly assumes a non-physical subject and commits to the homunculus fallacy in his notion of ontological commitment and in his disquotational theory of truth and confirmation holism. See Ye (2010a) for an argument on this. Similarly, many contemporary philosophers who openly endorse naturalism are still using the traditional notions of objectivity, apriority, and modality in their writings, without questioning whether these notions are still meaningful under the naturalistic view on cognitive subjects and without replacing them with truly naturalistic notions.
2. Philosophy of mathematics under naturalism
The naturalistic view on cognitive subjects implies that human mathematical practices and applications are literally neural activities in human brains and their physical interactions with human physical environments. This means that a study of human mathematical practices is a continuation or extension of cognitive sciences, dealing specifically with human mathematical cognitive activities. Some people may not like this idea, because it appears to introduce psychology into philosophy of mathematics. However, if you do not deal with psychology, then you have to speculate about the cognitive capacities of a non-physical subject, or a so-called transcendental subject, which literally contradicts the naturalistic view on cognitive subjects. Moreover, such speculations seem to have gone nowhere so far in the history of philosophy. Note that focusing on language cannot really bypass this dilemma. Either brains connect words with things, or a non-physical subject somehow ‘grasps’ the meanings of words and ‘refers to’ things (in the external world). That is, either you have to go with true naturalists and talk about how brains work in the natural world, or you have to go with philosophers like Gödel and seriously speculate about how a non-physical mind ‘grasps’ mind-independent concepts etc.. Therefore, if you are a naturalist, dealing with psychology is just unavoidable. 
On the other hand, since our interests in philosophy of mathematics are only on the philosophical and logical aspects of human mathematical practices, introducing psychology is only for clarifying the philosophical foundation and setting a clear background for discussing philosophical and logical issues in human mathematical practices. When we start investigating specific philosophical and logical questions about human mathematical practices, we can reply on highly simplified cognitive models of human brains, and we can abstract away psychological details as much as we can. The details of the work done in this research project are almost exclusively logical and philosophical in nature. They have nothing to do with the details of contemporary cognitive sciences. Some psychologists are indeed investigating the psychological aspects of human mathematical practices under the same naturalistic view on cognitive subjects (e.g., Lakoff and Núñez 2000), but they do not discuss the logical and philosophical questions studied in my research project. On the other side, this research project shows that there are genuine logical and philosophical questions in mathematical practices and applications, and that the answers to these questions can be independent of any specific psychological theories.
This naturalistic philosophy of mathematics differs from other (allegedly) naturalistic philosophies (e.g., Quine 1992, 1995; Burgess 2004; and Maddy 2007) in holding straight nominalism, strict finitism and a no-self worldview. (See Maddy (2005) for a survey on these other naturalistic philosophies.) Strict finitism and the no-self worldview also differentiate my position from other contemporary nominalistic philosophies of mathematics (e.g., Field 1980, Chihara 2005, and Hellman 2005). More details on the differences between my position and other naturalistic and/or nominalistic philosophies of mathematics will be mentioned below in due contexts.
3. Reference, truth, logic and modality under naturalism
I have said that accepting the naturalistic view on cognitive subjects requires us to abandon some traditional philosophical notions that presuppose non-physical subjects and replace these traditional notions with truly naturalistic ones. In many cases, this will significantly affect our views on human mathematical practices. The notions of reference and truth are such cases. 

Many naturalists accept the disquotational (or redundancy) theory of reference and truth (e.g., Quine 1992, 1995; Maddy 2007). Some even claim that this is the only conception of reference and truth available to naturalists. However, under naturalism, concepts and thoughts are ultimately neural structures inside brains. Then, reference and truth for concepts and thoughts about physical objects have to be connections between neural structures and other physical objects and their properties. Such connections are robustly real physical connections between physical things, no less real than any other kinds of physical connections between physical things studied by the sciences. They are unlike what the disquotational theories suggest. 
On the contrary, the disquotational conception of reference and truth seems to be an illusion due to that homunculus fallacy. That is, one unconsciously takes the stance of a little human dwelling inside one’s brain and then thinks, ‘I cannot jump out of myself to touch or compare my words with things in the external world; all I can do is just to use my words and sentences again to talk about things in the external world; that is all I can say about my reference and truth to the world external to me!’. From such a stance, the disquotational schema does seem to be all we can say about reference and truth. 
I am not saying that I can jump out of myself. I am saying that the entire thinking, both ‘can jump out of self’ and ‘can’t jump out of self’, presupposes a non-extent self distinct from this brain. This brain is physically connected with its environments. This brain does not ‘jump out of itself’ just as any other physical system (such as a stone or a tree) does not ‘jump out of itself’ in its interactions with its environments. Reference and truth are not about how a non-physical ‘subject’ can refer to or access things in a world ‘external to the subject’. They are about how some physical things are connected with some other physical things in specific ways within this physical world, and as such they are robustly real. A lot has to be said in order to explain how exactly a particular word is connected with a particular class of physical objects by human brains, which apparently has to be based on the cognitive architecture and natural tendencies of human brains on the one side, and the actual human history of using words and other cognitive activities on the other side. A simple disquotational schema says nothing about such naturalistic facts and conditions connecting words with things through brains. The details of such naturalistic facts and conditions must be extremely complex, and it is possible that we will never be able to get all the details, just as we will never be able to get all the details in many other areas of science (especially, in social sciences). However, in naturalistic accounts of human cognitive activities including human mathematical practices, such a naturalistic conception of reference and truth should replace the traditional conceptions, even if its details will elude us forever. Ye (2010a) contains more details on this objection to the disquotational theories.
There are already some attempts to characterize reference and truth as such naturalistic relations. See Adams (2003), Neander (2004), and Rupert (2008) for some surveys, and see Macdonald and Papineau (2006) for some new debates. This is called ‘naturalizing content’, ‘naturalizing representation’ etc. in philosophy of mind. Naturalizing representation focuses on characterizing the naturalistic connections between concepts and thoughts realized as neural structures in brains and the physical things and states that these concepts and thoughts represent. It is commonly agreed that word tokens are connected with their referents mediated by concepts in brains. There are problems in the current theories for naturalizing representation. Ye (online-a) proposes a new approach to naturalizing representation to solve those problems. I will not try to introduce it here, since it has gone beyond philosophy of mathematics.
With reference and truth naturalized, the logical validity of a logical inference rule is also naturalized. A logical inference rule is valid, if in all applications of the rule, as a natural regularity, whenever the premises are true (in the naturalized sense), the conclusion is also true. An assertion about the validity of a logical inference rule is thus an assertion about some natural regularity in a special type of natural processes. Note that this is not the so-called psychologism, if ‘psychologism’ means the view that valid logical rules are the rules that are most frequently followed by human brains. A brain can frequently hold false beliefs, that is, thoughts that do not bear the truth connection with physical things in the environments, and a brain can frequently conduct invalid logical inferences on thoughts. Normativeness in logical validity comes from normativeness in reference and truth, which in turn is naturalized normativeness. See Ye (2010c, 2011 Chap. 1) for more discussions on some subtle points in this naturalistic characterization of logical validity. 
Naturalizing representation also leads to naturalizing modality. The common traditional conceptions of modality seem to presuppose a non-physical subject facing a variety of possible worlds, which are assumed to be either real and concrete, or real and abstract, or fictional. Ye (2009) proposes a naturalistic interpretation of various kinds of modality, especially, the Kripkean modality (or metaphysical modality). The idea is that various kinds of possibility are conceivability under various kinds of constraints for conceiving possible scenarios. Moreover, ‘conceiving a possible scenario’ literally means constructing some thoughts as a description ‘of a possible scenario’. That is, only things in this physical universe exist. There are no mere possibilia, no matter as abstract entities or as fictional entities. Under this naturalistic interpretation, the so-called Kripkean necessity or metaphysical necessity will be very similar to physical necessity, and then the existence of metaphysically necessary but synthetic and a posteriori truths will become trivial, just as the existence of physically necessary but synthetic and a posteriori truths. This helps to dissolve some arguments against physicalism based on the notion of metaphysical necessity (e.g., the zombie or conceivability argument). 
4. Cognitive functions of mathematical concepts and thoughts
Naturalized reference and truth apply only to concepts and thoughts about physical things. On the other side, mathematical concepts and thoughts (as neural structures in a brain) do not represent physical entities or their states of affairs. Mathematical concepts and thoughts have other cognitive functions in the cognitive processes in a brain. They help to organize, generate and manipulate other concepts and thoughts that do directly represent physical entities and states of affairs in human environments. Therefore, mathematical concepts and thoughts bear some indirect but more flexible and abstract connections with physical things in human environments. For instance, the concept ‘5’ in a brain can combine with the concept ‘finger’ in the brain to form a concept ‘5-fingers’, which does bear the reference connection with physical things. Similarly, the concept ‘point’ in a geometry theory in a brain can be translated (in the brain) into a concept directly representing small physical regions, when applying the geometry theory to the physical space. Mathematical concepts and thoughts are abstract level representational tools inside brains. Ye (online-b) contains more discussions on this.
Brains take the valid logical inference rules on thoughts about physical things and apply them to mathematical thoughts. That is, brains adopt the same logic for mathematical thoughts as that for thoughts about physical things. This has the cognitive advantage that when brains apply their mathematical thoughts to physical things, their mathematical inferences can be more straightforwardly translated into valid logical inferences on thoughts about physical things. 
Brains also apply the word ‘true’ to some mathematical thoughts. This may come in several ways. First, brains may abstract a mathematical thought from some thoughts about physical things with the same pattern. For instance, brains may abstract the thought ‘5+7=12’ from ‘5-fingers plus 7-fingers are 12-fingers’ and other similar thoughts. Second, brains adopt some rules for using the word ‘true’ on mathematical thoughts. For instance, brains adopt the disquotational schema ‘p is true if and only if p’ for the word ‘true’ on mathematical thoughts. This usage rule, together with the logical rules of classical logic, means that brains adopt bivalence for mathematical thoughts. That is, brains adopt the schema ‘either p is true or (p is true’. Brains also apply ‘true’ to all inferential consequences of ‘true’ premises using logical rules. Third, brains may decide to apply ‘true’ to a mathematical thought (e.g., the axiom of infinity) because, after some practices of entertaining, manipulating or applying the thought, brains find the thought useful, logically consistent, or simply ‘appearing obvious’. These usages of the word ‘true’ on mathematical thoughts serve some important cognitive functions in the cognitive activities in a brain, but they may give the brain the illusion that some mathematical thoughts are ‘true’ in exactly the same way as thoughts about physical things are true.
Note that, in this naturalistic description of the cognitive functions of mathematical concepts and thoughts in brains, mathematical concepts and thoughts are as ‘meaningful’ as anything can be. Meanings consist in cognitive functions, and representing things directly is merely one of many cognitive functions of a cognitive component in a brain. Moreover, although they do not represent anything directly, mathematical concepts and thoughts may play more important cognitive functional roles than other concepts and thoughts do in the cognitive activities of a brain. 
This picture of human mathematical practices is a little similar to the pictures offered by formalism or fictionalism, but this truly naturalistic picture is much more realistic and transparent. It avoids the puzzling claims made by formalists and fictionalists (e.g., Field 1980, 1989; Hoffman 2004; Leng 2002, 2005) that mathematical theorems are ‘meaningless’ or ‘literally false’. If you take the stance of a non-physical subject facing an ‘external world’, then indeed you will feel uneasy with the idea that your mathematical thoughts do not correspond to anything in that ‘external world’. You may feel guilty when facing the accusation of being ‘intellectually dishonest’. You will naturally think that if they do not correspond to the physical part of the ‘external world’, they must correspond to an abstract part of the ‘external world’. However, in the naturalistic picture, it is completely natural to think that some physical components in a brain bear a more direct representational connection with physical things outside the brain, but some other physical components in the brain may bear a more indirect (and therefore more flexible and abstract) connection with physical things outside the brain. The latter components could actually play more important functional roles in the cognitive activities of the brain, but it seems gratuitous to insist that these physical components somehow ‘represent abstract entities’. They are just physical components of a complex physical system, although they are connected with the environments of the system more indirectly when compared with some other components.
5. From naturalism to nominalism and strict finitism
The above discussion suggests that naturalism may imply nominalism in philosophy of mathematics, which will contradict Quine’s views. Ye (2010a) argues for this implication. Many traditional arguments against realism in philosophy of mathematics originate from Benacerraf (1973). Typically, they first propose constraints on what cognitive subjects could possibly refer to or have knowledge about, and then they argue that we cannot possibly refer to nor can we have knowledge about abstract entities, because abstract entities do not satisfy the constraints. However, reference and knowledge are complex philosophical notions. Therefore, realists can always reject the constraints proposed by the arguments. Ye (2010a) takes a different route in arguing against realism, by relying on the naturalistic view on cognitive subjects. Here are the basic ideas.  
First, a complete naturalistic description of the mathematical practices and applications of a brain will describe neural activities and their physical interactions with other physical things. It will not say which abstract mathematical entities a neural structure (as a mathematical concept) in a brain ‘refers to’ or ‘represents’, and it will not say which abstract entities the brain is ‘committed to’. That is, we do not care whether a brain could possibly refer to or have knowledge about abstract entities. The fact is that, in a complete naturalistic description of the mathematical practices of a brain, the alleged reference connection between brains and abstract entities never show up. The concepts of ‘referencing abstract entities’ and ‘being committed to abstract entities’ are gratuitous. One might think that for a brain to be committed to abstract entities is just for the brain to use pronouns, variables and quantifiers in some specific manner. This appears to be exactly what Quine (1992, 1995) was saying. However, ‘the brain is using words in so and so manner’ is already a complete naturalistic description of relevant things in the natural world. Insisting on re-describing it as ‘the brain is committed to abstract entities’ is pointless. It introduces an obscure term ‘being committed to’, which is not clearly a naturalistic term and is certainly never used by scientists. It may have to assume a non-physical mind as the subject of commitment. The notion of ‘abstract entity’ is obscure for scientists as well. Why don’t we just describe what is happening in the natural world as ‘the brain is using words in so and so manner’?
Second, there is a psychological explanation as to why people do not want to stop at describing how brains are using words in so and so manner, and why they try to speculate further about whether those words ‘refer to abstract entities’. It is again that homunculus fallacy. People unconsciously take the stance of a ‘subject’ standing against an ‘external world’, and they naturally wonder if there are so-called abstract entities in that ‘external world’ along with physical objects, and they wonder if their words ‘refer to abstract entities in the external world’, especially when those words do not refer to physical things. That is, they do not want to stop at describing brains because they take themselves to be something distinct from the brains, namely, ‘subjects standing against an external world’. The same homunculus fallacy occurs when one asks, ‘you have to use mathematics in describing brains; aren’t you already committed to abstract entities?’ A brain is practicing and applying mathematics, and in describing that brain I do not say which abstract entities a neural structure in that brain ‘refers to’. Now, my brain is exactly the same sort of physical system as that brain. Therefore, neural structures in my brain do not ‘refer to abstract entities’ either. Apparently, here one agrees that it seems meaningless to ask which abstract entities a brain as a physical system ‘refers to’ or ‘is committed to’, but one forgets that he is himself just a brain too. That is why he feels that he somehow has to be ‘committed to abstract entities’ by using mathematical terms in describing other brains.
Third, confirmation holism means that different cognitive components of a brain interact with each other in some complex and holistic manner in the cognitive activities of the brain, so that we cannot assign a distinctive and definite cognitive function to an individual component. Holism is a naturalistic feature of the inner mechanisms of some complex physical systems such as brains. It has nothing to do with confirming the existence of (or explaining the epistemic access to) abstract entities. It is again due to the homunculus fallacy that one thinks that some components in a brain have to refer to abstract entities (because they do not refer to physical objects).
Finally, disquotational reference and truth cannot save abstract entities either. As I have mentioned above, the naturalistic reference and truth are robustly real physical connections between physical things. For concepts and thoughts about physical things, the disquotational theory is empty. For mathematical concepts and thoughts, it is again because of that homunculus fallacy that one thinks that the disquotational theory can explain what is to refer to abstract entities (in the external world).

Naturalism also implies strict finitism. Everything in the immediate environments of human brains is strictly finite. Brains can have knowledge about things beyond their immediate environments, but it is still a fact that contemporary sciences never claim that there is infinity in this physical universe. Now, suppose that a philosopher claims that there is infinity and that we can have knowledge about infinity. That infinity must belong to either an abstract mathematical world or an intentional/conceptual world.  Therefore, under naturalism, nominalism should imply strict finitism. Similarly, a complete naturalistic description of the mathematical practices of a brain does not mention which infinite entities or structures a neural structure in the brain ‘refers to’. Ye (2011), Chap. 1, contains more discussions on the implication from naturalism (or nominalism) to strict finitism.
6. Problems with current nominalistic philosophies of mathematics
Now we can see why other nominalistic philosophies of mathematics in the literature have serious problems. Ye (2010b) argues that, after denying the existence of abstract mathematical entities, nominalists should offer literally truthful accounts of various aspects and features of human mathematical practices, by referring to what really exist in mathematical practices. These aspects and features should especially include those that are taken by realists as reasons supporting realism. For instance, nominalists should do the following (without referring to abstract mathematical entities):
(1) Explain the nature of human mathematical knowledge, intuition and experience.
(2) Explain the relationships between the mathematical and the physical. (These relationships include, for instance, the apparent, approximate isomorphism between a mathematical structure and a physical structure, which is the reason for the applicability of a mathematical model.)
(3) Identify various aspects of objectivity in mathematical practices, and show that admitting objectivity does not imply admitting the existence of abstract entities. (These aspects of objectivity include the objective fact that people can have the same mathematical concept, compute the same arithmetic function, or follow the same rule, and they include the fact that there is objective correctness in following a rule. Moreover, they also include the fact that, for instance, the apparent, approximate isomorphism between a mathematical structure and a physical structure is something objective, not a wishful pretence.)
(4) Explain the apparent obviousness, apriority, universality and necessity of logic and arithmetic. 

(5) Explain the applicability of classical mathematics in the sciences (as it is actually applied in human scientific practices). 
Moreover, the nominalistic accounts of these aspects of mathematical practices should be literally true accounts and should respect the possibility that there are only strictly finitely many concrete objects in total in the universe. That is, the nominalistic accounts must be realistic accounts in themselves and must be strictly finitistic accounts.
However, some current anti-realistic philosophies in the literature (e.g., Maddy 1997, 2005, 2007; Leng 2002, 2005; Hoffman 2004) are not ‘realistic enough’. They did not offer literally truthful accounts of the aspects and features in (1) to (5) above. For instance, one should not say that mathematical entities are ‘fictional entities’ and scientists use ‘fictional entities’ to model real things in mathematical applications. Since ‘fictional entities’ do not really exist, the claim ‘scientists use fictional entities to model real things’ is a literally false claim. This only shows that one has not really explained what scientists are really doing, and it cannot stand against realists’ charge that nominalists are ‘intellectually dishonest’. Similarly, assertions about the so-called ideal agents are also literally false, since ideal agents do not exist. Apparently, one has to refer to human brain activities in a literally truthful account of human mathematical practices, because brains are what really exist in human mathematical practices. 
On the other hand, some current anti-realistic philosophies of mathematics (e.g., Field 1980, 1989; Hellman 2005; Chihara 2005) are ‘too realistic’ about infinity. They accept at least potential infinity, which means assuming something beyond this physical universe in case the physical universe is strictly finite and discrete. Moreover, the real puzzle of applicability of mathematics is the puzzle about how exactly ‘infinite mathematics’ is applied to this strictly finite and discrete physical world. (See Sect. 8 below.) Applying current allegedly nominalistic mathematical systems in the sciences is still using infinite models to approximate strictly finite and discrete physical phenomena. The puzzle of applicability has not been solved.
7. Naturalistic accounts of several aspects of mathematical practices
The major work in this naturalistic study of mathematical practices is to offer naturalistic accounts of aspects of human mathematical practices, including those mentioned in the last section. This work is still in progress. In this and the next sections, I will report what has been accomplished so far.
Ye (online-b) summarizes the basic assumptions about human cognitive architecture adopted by the research project and discusses understanding, knowledge, experience and intuition in mathematical practices. Genuine understanding, knowledge, experience and intuition in mathematical practices are explained by referring the cognitive functions of mathematical concepts and thoughts in brains. For instance, having mathematical knowledge on a particular subject matter means having relevant mathematical concepts and thoughts in the brain, having relevant ability to manipulate those concepts and thoughts, that is, to do inferences on those concepts and thoughts, having relevant knowledge about the expected outcomes of such inferences, and finally having relevant knowledge and capability in translating mathematical concepts and thoughts into concepts and thoughts that can directly represent physical things (by the naturalized representation relation). 
Ye (online-c) discusses aspects of objectivity in mathematics. The traditional notion of objectivity is understood from the point of view of a non-physical ‘subject’. Ideas, sense data and so on belong to the ‘subject’ and are considered subjective; physical objects or the alleged abstract objects belong to the ‘external world’ and are considered objective. Since there is no non-physical ‘subject’ in the naturalistic picture of the world, being objective can only mean being independent of a brain (or all human brains) in some way. The article discusses several notions of objectivity under naturalism. These naturalistic notions should replace the traditional notion of objectivity. The article argues that admitting objectivity in the naturalized senses does not imply admitting the existence of abstract entities or mind-independent (actually, brain-independent) concepts. For instance, the article argues that the true naturalistic objective basis for people’s sharing ‘the same concept’, successfully communicating their concepts, and following ‘the same rule’ and so on is the fact that human brains share the same fundamental architecture, similar innate capabilities and natural tendencies, and the fact that they obey the same biological, neural-physiological and psychological laws, and the fact that they have similar individual developmental environments. A truly scientific study of how exactly human brains communicate with each other will have to refer to such natural facts and regularities among the brains. Assuming the existence of a concept as a public, abstract entity ‘graspable’ by all human brains is completely irrelevant. It comes from one’s intention to project what are in one’s own brain onto the external. 
Ye (online-d) discusses the apparent apriority, necessity and universality of logic and arithmetic from the naturalistic point of view. Once again, the traditional notion of apriority assumes a ‘transcendental subject’. For naturalists, apriority can only mean apriority relative to a brain or relative to the innate architecture of a human brain. A brain grows out of a cell, controlled by genes, and it constantly receives external stimuli since its birth. Nothing is a priori in that traditional sense for a brain. However, we can still define a meaningful notion of apriority under naturalism. It will be a scientific notion in cognitive sciences. It will be related to the different ways by which a brain receives, stores and processes its representations of things in its environments. For instance, there can be some ‘predetermined harmony’ between brains and their environments, as a result of evolutional selections that finally produce the brains. This will result in some ‘a priori’ knowledge for brains, in the sense that all biologically normal brains will automatically have that knowledge after a normal individual developmental process in a normal environment. In particular, logic seems to be ‘a priori’ in this sense. 
On the other hand, logic and arithmetic are not absolutely universal. As researches in quantum logic suggest, the classical logical constants may not be directly applicable to properties of quantum particles. That is, when two propositions p and q attribute two incommensurable properties to a particle, the conjunction p(q is either meaningless or meaningful but not obeying the distribution law between conjunction and disjunction. Either way, classical logic is not universally applicable. However, human brains are evolved in their interactions with deterministic, medium size physical objects in human immediate environments. As a consequence, human brains are evolved in such a way that humans can only clearly conceive of objects similar to those deterministic, medium size physical objects. (That is, we cannot clearly conceive of quantum particles with wave-particle duality.) Classical logic and arithmetic represent some most general features of these deterministic, medium size physical objects. Therefore, classical logic and arithmetic are universal and necessary in a limited sense. That is, classical logic and arithmetic are always true when applied to anything that are in human immediate environments and are observable by humans, or anything that are directly and clearly conceivable by human brains.  

8. Explaining the applicability of mathematics
From the logical point of view, to explain the applicability of classical mathematics in the sciences, we must answer two questions:

(1) What are the literally true premises in an application? 
(2) How do these literally true premises logically imply the conclusion of that application?

That is, in explaining applicability in an instance of application, we must translate the application into a series of logically valid deductions from literally true premises to a literally true conclusion. Only then can we have a clear picture about what are literally assumed in the application or what are literally confirmed by the conclusion of the application. 
This is a challenge for any philosophy of mathematics. Realists claim to have such an explanation by assuming that mathematical theorems are literally true of abstract mathematical entities. However, this is an illusion. In almost all scientific applications, infinite mathematical models are merely approximations to strictly finite and discrete physical entities. (May be the theories about the microscopic structure of spacetime at and below the Planck scale are exceptions, but may be even in these theories infinity is merely used to approximate what are above an even lower scale, e.g., 10-350m, 10-450s etc.) An application of classical mathematics is not straightly a series of logically valid inferences from literally true premises to a literally true conclusion, even if we assume that pure mathematical axioms (as premises) are literally true of mathematical entities, because the premises that connect mathematical models and strictly finite and discrete physical things may not be literally true. Many philosophers (e.g., Maddy 1997, 2008) have pointed out this problem in the realistic explanation of applicability. 
However, contemporary anti-realists haven’t answered the two questions above either. Maddy didn’t say what the literally true premises in mathematical applications in the sciences are (after denying that mathematical theorems are literally true). The allegedly nominalistic versions of mathematics developed by Field (1980), Hellman (2005), and Chihara (2005) all assume at least potential infinity. Applying them to strictly finite and discrete physical phenomena in the universe is still using infinite mathematical models to approximate strictly finite and discrete things. The applications are still not clearly valid logical deductions from literally true premises. Other fictionalists (e.g., Leng 2002, 2005; Hoffman 2004) did not identify the literally true premises in mathematical applications either. 

Recent philosophical studies on mathematical applications in the sciences by Pincock (2004, 2007), Bueno & Colyvan (2011), and Batterman (2010) do take mathematical idealization in the sciences as one of their central issues, but they did not give a satisfactory answer to the questions (1) and (2) above either. They seem to take an assertion like
(3) M approximately represents P
as one of the final premises of an application, where M is some infinite mathematical model, and P refers to a (strictly finite and discrete) physical system, and ‘approximately represent’ can be made precise depending on the context, which is their major effort. A problem is that, for (3) to be literally true, M has to exist literally, but these authors all explicitly claim that their accounts of applicability are compatible with both realism and nominalism in philosophy of mathematics. This conflict in their claims actually implies that they haven’t really identified the literally true premises in the applications. 
Realists might take over the elaborations of (3) by Pincock, et al. and assume them to be literally true. This might avoid the charge against the realistic explanation of applicability mentioned above, namely, the problem that the premises connecting mathematical models and physical things are not literally true because mathematical models are not exactly isomorphic with physical things. However, there is a more important problem with the explanations taking (3) as one of the final premises. That is, such explanations are not consistent with our scientific intuitions. For instance, consider the examples in which we use continuous models to approximate fluids. These are the most common examples used by these authors. In such an application, we did use experiments to confirm a proposition like (3). However, scientists clearly do not think that this is using experiments to verify a fundamental law of nature. Scientists clearly believe that there are only four fundamental forces, namely, gravity, electric-magnetic force, and weak and strong interactions, and they believe that the phenomena of fluids are in principle accountable on the basis of gravity and the electric-magnetic force between particles in the fluids. Certainly, scientists do not think that they can really reduce fluid dynamics to laws about gravity and the electric-magnetic force between particles, but they seem to believe that the following claim is meaningful and valid:

(4) The irreducibility of fluid dynamics is practical irreducibility and is merely due to computational complexity, not due to a theoretically new, unknown fundamental law of physics (such as a fifth fundamental force). 

As for our experimental verifications of (3), they are merely using experiments to verify a simplified computational model. This means that a premise like (3) should not be one of the most fundamental premises implying our scientific conclusions about physical things in the universe, and references to continuous models should be in principle reducible.
We certainly do not expect that logicians and philosophers can explain the applicability of continuous models in fluid dynamics by reducing the models to laws about gravity and the electric-magnetic force between particles. Even a very high-level sketch of such a reduction, if after all possible, will have to involve specific content of various physics theories. However, as logicians and philosophers, we can consider a more general logical question: Is infinity after all logically indispensable for describing strictly finite and discrete physical things above the Planck scale in the sciences? Note that references to finite mathematical entities can be rather easily replaced with references to physical objects. Therefore, a negative answer to this question will imply the following: 
(5) Mathematical axioms that apparently refer to mathematical entities are not really among the most fundamental premises implying our scientific conclusions about strictly finite and discrete physical entities in the universe, and an application of classical mathematics in the sciences can in principle be transformed into a series of logically valid deductions from literally true premises about strictly finite and discrete physical entities alone, to a literally true conclusion about them.
If this turns out true, then we will have an answer to the questions (1) and (2) above, and we will have a logically plain explanation (actually, demonstration) of the applicability of classical mathematics in the sciences. Moreover, this will significantly influence our philosophical view regarding mathematics. It actually says that the applicability of infinite mathematical models is explained not by assuming the literal truth of mathematical statements about those models, but exactly on the contrary, by eliminating any references to those models. This directly supports nominalism. It explicitly shows that talks about infinite models are convenient tools. They help to get approximate descriptions of nature in quick ways, but in order to get exact and literally truthful descriptions, you will have to dispense with them. 
A major work in my research project attempts exactly to demonstrate (5). The results so far are reported in the book Strict Finitism and the Logic of Mathematical Applications (Ye 2011). The articles Ye (2010c, online-e) are introductions to the philosophical and technical aspects of the work. This work improves my early work in my dissertation (Ye 2000a, 2000b). The strategy for demonstrating (5) is as follows.
First, a formal system called strict finitism is defined. It is a fragment of quantifier-free primitive recursive arithmetic (PRA) with the accepted functions restricted to elementary recursive functions, the proper sub-class of primitive recursive functions. Strict finitism is therefore quantifier-free elementary recursive arithmetic. An application of strict finitism to physical things can be interpreted as a series of valid logical deductions from literally true premises about concrete, strictly finite and discrete physical entities alone, to a literally true conclusion about them. That is, the applicability of strict finitism is logically transparent. (Here, truth and logical validity can be the naturalized truth and logical validity.)
Then, to explain the applicability of classical mathematics, I try to show that the applications of classical mathematics in the sciences are in principle reducible to the applications of strict finitism. This is achieved by trying to develop sufficiently rich applied mathematics within strict finitism. The book Ye (2011) is devoted to this. So far, the book has developed the basics of calculus, ordinary differential equations, metric spaces, complex analysis, Lebesgue integration, (bounded and unbounded) linear operators on Hilbert spaces, and semi-Riemannian geometry in strict finitism. These include the mathematical theories needed for the basic applications in classical quantum mechanics and general relativity. Moreover, the techniques used in the book are general. They can also be used to develop other applied mathematical theories in strict finitism. That is, it seems that the scope of strict finitism can advance much further. After a mathematical theory is developed in strict finitism, the applications of (the classical version of) that theory in the sciences will be reducible to the applications of strict finitism. This demonstrates (5) for those applications (of classical mathematics). Two examples of explaining applicability are given at the end of Chap. 3 and Chap. 8 of the book Ye (2011).
The success of this strategy for explaining the applicability of classical mathematics in the sciences relies on the following Conjecture of Finitism:
Strict finitism is in principle sufficient for formulating scientific theories and conducting proofs and calculations in the sciences.
Besides the fact that an impressive part of applied mathematics has been developed within strict finitism, there are other intuitive reasons supporting this conjecture. The most immediate reason is: Infinity (and continuity) is merely an approximation to strictly finite physical things in the mathematical applications in the sciences; we intuitively think that infinity should not be strictly logically indispensable; otherwise, the relevant proofs and calculations may be scientifically unreliable because of taking infinity too literally. Experiences in developing mathematics within strict finitism show that a proof’s being reducible to strict finitism is naturally connected with the fact that infinity in the proof is treated merely as an approximation and is not taken too literally (Ye 2011, Chap. 3). Therefore, we expect that physically meaningful proofs and calculations are in principle reducible to strict finitism. Moreover, the ratio of the linear cosmological scale to the Planck scale is less than 10100. We expect that elementary recursive functions are sufficient for representing physics quantities. For instance, the super-power function obtained by iterating the power function never appears in any natural contexts in scientific applications. This also supports the idea that strict finitism is in principle sufficient for formulating scientific theories. Ye (2010c; 2011, Chap. 1) contain more intuitive reasons supporting the conjecture.
Finally, I want to repeat that this is not to suggest replacing classical mathematics with strict finitism in the sciences. This is a logical study of why classical mathematics is applicable in the sciences, and strict finitism is merely a logical analytical tool designed for that purpose.

9. Some naturalistic comments on Frege
Any substantial examination of Frege’s philosophy from the naturalistic point of view will need a long article (or even a book). Here I can only give some brief comments, focusing on what I think the most serious problems in Frege’s philosophy of mathematics when examined under naturalism. More specifically, I will focus on Frege’s idea that applicability elevates mathematics from a game to literal truths and Frege’s idea that there are mind-independent senses and thoughts. Certainly, there are already many objections to these two philosophical ideas in the literature (and some of them are not specifically about Frege’s philosophy), but my comments will be from a radically naturalistic perspective (i.e., the naturalistic view on cognitive subjects) and are perhaps new, although I cannot discuss the large amount of literature related to these two ideas.
Frege has a well-known claim that ‘it is applicability alone which elevates arithmetic from a game to the rank of a science’ (Frege 1903, p.187). By ‘elevating to the rank of a science’, Frege must have meant ‘elevating to a collection of literal truths’. Frege mostly focuses on the applications of arithmetic (and, to some extent, the applications of real numbers in measuring). Steiner (1998) argues that Frege’s idea applies to other applications of classical mathematics in the sciences as well. Here, the Fregean accounts of mathematical applications will treat mathematical theorems as literally true premises in the applications, along with other premises that connect mathematical models with physical things and the premises that are about physical things exclusively. In the last section, we have mentioned the problem in such accounts of mathematical applications in the sciences: The premises connecting mathematical models with physical things are typically not exactly true (because the models are frequently infinite and the physical things are always strictly finite and discrete), and these premises are frequently not among the final premises in our scientific image of nature (i.e., not fundamental laws, but premises on simplified computational methods). 

The explanation of applicability proposed in my research suggests that an application usually involves a translation from mathematical thoughts to thoughts exclusively about physical things. Moreover, mathematical proofs in valid applications are in principle translatable into sound (i.e., valid with true premises) logical inferences on thoughts exclusively about physical things. The naturalized truth applies to the latter thoughts. A logical inference requires the premises to be literally true so that the conclusion can be guaranteed literally true. As for a translation, whether or not the original thoughts before the translation are literally true is irrelevant, because a translation concerns only with the syntactical structures of the original thoughts. As long as the mathematical thoughts and proofs in an application have appropriate syntactical structures, the translation will result in literally true thoughts about physical things (or literally sound inferences on thoughts about physical things). In particular, when thoughts in infinite mathematics (i.e., thoughts ‘about infinite mathematical models’) are translated into thoughts about strictly finite physical things, the translation will not preserve the logical structures of the original mathematical thoughts, and it will treat some mathematical thoughts as ‘physically meaningless’, namely, untranslatable into literally true thoughts about physical things. The explanation of applicability pursued in my research project actually suggests that, for the conclusion of a mathematical proof in an application to be translatable into a literally true thought about strictly finite and discrete physical things, the mathematical proof must be essentially finitistic. That is, the original proof in applying classical mathematics must be in principle reducible to a proof in strict finitism. This is exactly a syntactic (i.e., not semantic) condition on the original mathematical thoughts and proofs (before the translation). Because such a translation is involved, applications do not ‘elevate’ mathematical theorems into literal truths. Successes of applications only mean that some mathematical thoughts and proofs are useful, simplified computational tools for obtaining approximate descriptions of finite physical things.
At least for applying infinite mathematics to strictly finite and discrete physical things in the universe, such a translation seems unavoidable. Note that such a translation can also be presented as a series of logical inferences, with an additional premise that bridges the mathematical thoughts about the mathematical model in the application and other thoughts exclusively about physical things. However, as I have mentioned above, in case the application is using an infinite mathematical model to approximate strictly finite physical things, either this additional premise is not exactly true, or (if one carefully formulate ‘the model M approximately corresponds to P’ as an exactly true statement) it is not considered a fundamental premise in our scientific image of nature and it should be eliminated if we want the final logical structure of the application. (Note that my research intends to show that if we eliminate such an additional bridging premise, all references to infinite mathematical entities will be eliminated as well, and then the application can be interpreted as a series of logically valid inferences from literally true premises about strictly finite physical things lone to a literally true conclusion about them.)
Therefore, the Fregean accounts of application for the cases of applying infinite mathematics in the sciences have serious problems. These actually include majority of scientific applications. Moreover, because Frege’s definition of rational numbers presupposes the system of real numbers, for Frege, even applying decimals in measuring physical quantities becomes using infinite mathematical models to represent strictly finite and discrete physical quantities. Therefore, the Fregean accounts are problematic even for the simple cases of applying decimals in measuring. 
However, note that this analysis of applying infinite mathematics in the sciences does not by itself refute realism about classical mathematics. It says only that the successful applications of infinite mathematics in the sciences do not directly support a realistic interpretation of infinite mathematics, because the successes of application are logically explained exactly by eliminating any references to infinite mathematical entities in the applications. That is, applicability does not elevate infinite mathematics to a collection of truths.
The applications of simple arithmetic statements in counting are slightly different. Here, the mathematical models are exactly isomorphic to the relevant aspects of physical things. For instance, consider applying 

(1) 5+7=12

to get

(2) 5-fingers (here) plus 7-fingers (there) are 12-fingers (together).
The naturalistic account again says that this application involves a translation of (1) into (2). This actually means that (following Mill) (1) is a summary of many instances like (2). This account leaves the epistemic status of (2) open. (2) could be a posteriori or a priori in some appropriate sense. However, it does imply that instances like (2) are genealogically, epistemologically and logically prior to (1). We invent numerals for counting and discover many truths like (2), and then we summarize and memorize our knowledge by a single statement (1), and then we apply (1) to get new instances like (2). An epistemological justification of (1) is just the justifications of instances like (2). Moreover, an application of (1) to get (2) is not a logical inference with (1) as one of the final premises and (2) as the conclusion. It is an inference from a universal generalization of all instances like (2) to the specific instance (2). Eventually, the application is an analogous inference or an induction from previously known instances like (2) to this new instance (2). (Some Kantian philosophers may insist that this analogous inference or induction is merely the psychological origin of one’s knowledge of (2), while the true epistemological basis of (2) and its generalization is one’s own form of sensibility in the Kantian sense.)
On the other side, according to Frege’s account of application, (2) is analyzed into a statement like 

(3) 5=#P ( 7=#Q ( ((x(Px ( Qx) ( 12 = #(P(Q).
Here P, Q are appropriate predicates denoting concepts, and # is the ‘number of’ operator. That is, ‘#P’ reads ‘the number of objects falling under P’. By Frege’s definition of natural numbers and the function +, (1) is a logical truth with quantifiers ranging over arbitrary concepts, and (3) is a logical consequence of (1) obtained by a logical inference rule that instantiates the variables for concepts in (1) with specific concepts P and Q. Therefore, (3) is also a logical truth (and hence a priori). This is supposed to mean that (2) is also a logical truth, and hence not a posteriori or synthetic a priori. This is Frege’s logicism about arithmetic. 
This Fregean account of applying (1) to get (2) does not explicitly mention any isomorphism between numbers and physical objects, but (3) actually implies such an isomorphism between the numbers from 1 to 12 and their addition function on the one side, and the objects falling under P and Q and counting them together on the other side. Because this is not again using infinite models to approximate strictly finite physical things, and because an exact isomorphism does exist between the mathematical and the physical, the problem above for the cases of applying infinite mathematics does not arise here. That is, I agree that this Fregean account is logically coherent. Then, from the philosophical point of view, one might think that the Fregean account has an advantage over the naturalistic account, for the naturalistic account leaves the epistemological status of (2) open, but the Fregean account seems to show that (2) is a logical truth and it is thus analytic and a priori. 
However, there is again an illusion here, because while there is indeed an exact correspondence between the arithmetic function + and counting two collections together in the case of counting fingers, the existence of such a correspondence is not always guaranteed a priori in other cases and is not a logical truth even in the case of counting fingers. For example, suppose that P is the predicate ‘is a particle in the physical system A’ and Q is the predicate ‘is a particle in the physical system B’. ‘5=#P’ then reads ‘the physical system A has the particle-count property 5-particles’. Now, suppose that we really try to apply (3) to get a prediction about the result of counting real physical things, we have to interpret ‘12 = #(P(Q)’ as ‘the composite system A+B has the particle-count property 12-particles’. The problem is that when we measure the particle-count property of the composite system A+B, we have to consider the potential interactions between the two systems A and B, which may affect the result of measuring the particle-count property of the composite system A+B. This is empirically possible especially when the particles are photons or other microscopic particles with quantum effects. This means that the predicate (P(Q) may not correctly represent the property ‘is a particle in the composite system A+B’. That is, it is empirically possible that ‘(x is a particle in the physical system A) ( (x is a in the physical system B)’ is not equivalent to ‘(x is a particle in the composite system A+B)’. Therefore, even if we agree that (3) is a logical truth, it does not follow that the following instance like (2) is a logical truth (or even a truth): 

If the system A has the particle-count property 5-particles, and the system B has the particle-count property 7-particles, then the composite system A+B has the particle-count property 12-particles
Moreover, since (2) shares the same logical form as this sentence, (2) should not be a logical truth either.
One might argue that (1) is surely applicable only to the cases where there are no such interactions, while agreeing that whether or not there are such interactions in a specific instance in the real world can be an empirical matter. One might also insist that arithmetic ‘itself’ is logic, while agreeing that the results of applying arithmetic to specific real physical things, such as (2), can be a posteriori (or synthetic a priori). Or instead, one might insist that a conditional statement like ‘if there is no interaction between fingers here and fingers there, then (2)’ is a logical truth, while agreeing that its consequent is a posteriori (or synthetic a priori). However, these maneuvers will trivialize the claim that arithmetic is reducible to logic, because following the argumentative strategy by Quine (1936), we can show that Newtonian mechanics is also reducible to logic in the same manner. We can define a concept ‘Newtonian particles’ by implicitly referring to the Newtonian mechanical laws (in much the same way as Frege’s definition of natural numbers), and then we can derive the Newtonian mechanical laws for Newtonian particles as logical consequences of that definition. Then, Newtonian mechanical laws become logical truths, and we can also say that Newtonian mechanics should be applicable only to Newtonian particles, or that Newtonian mechanics ‘itself’ is logic while the results of applying Newtonian mechanics to specific real physical things are a posteriori. Similarly, the conditional statement ‘if M is a system of Newtonian particles, then … (Newtonian mechanical laws applied to M)’ is a logical truth. 
Note that when we say that p(q(p is a logical truth and thus analytic and a priori, we mean that the results of applying that law to all statements p, q, including those about real physical things, are analytic and a priori, not that the law ‘itself’ is analytic and a priori, nor that the law is analytic and a priori when applied to some limited scope of things where it is a posteriori whether something belongs to that scope. (On the other side, when we say that physics laws are a posteriori, we do mean that the results of applying the laws to at least some real physical things are a posteriori; we certainly do not mean that the laws ‘themselves’ are a posteriori.) Therefore, when we say that arithmetic is logic, we should also mean the results of applying arithmetic to all things, including results such as (2). 
To see the problem from another perspective, note that under the suggested interpretation of ‘reducing arithmetic to logic’, the following (more accurate presentation of (2)) will not be a logical truth: 
(4) If there are 5 fingers here and there are 7 fingers there, then there 12 fingers here and there together.

Instead, the logical truth obtained in the application will be a conditional statement like 
(5) If E, then (4), 
where E says something like ‘fingers are the sort of things for which two collections at two different places do not interact with each other to interfere the result of counting the two collections together, namely, to make the result of counting together different from the arithmetic addition of the results of counting individually’. Appropriately formulated, E can indeed logically imply (4). Kantian philosophers will insist that E is synthetic a priori, and then (4) is also synthetic a priori. They will insist that this is all we mean when we say that arithmetic is synthetic a priori. If you can conditionalize a statement by synthetic conditions as in (5), you can always transform any statement into a logical truth. The real difference between Newtonian mechanics and arithmetic is the following: The justification for applying Newtonian mechanics is a posteriori, while the justification for applying arithmetic to ordinary observable physical objects such as fingers is synthetic a priori (but the justification for applying arithmetic to microscopic particles may still be a posteriori). That is, we need experiences to justify that something are Newtonian particles (or justify that arithmetic is applicable to counting some unobservable particles in some situations), but it is due to our form of sensibility that ordinary physical objects directly observable by us, such as fingers, are the sort of things for which arithmetic is applicable in counting. If we are allowed to conditionalize as in (5), both arithmetic and Newtonian mechanics will be reduced to logic, which will not be an interesting philosophical conclusion and will blur the real difference between arithmetic and Newtonian mechanics. 
        This means that the alleged philosophical advantage of reducing arithmetic to logic in the Fregean account of applying arithmetic in counting is an illusion. Even if we can derive (1) and (3) as logical truths, to apply them in counting real physical things in the real world to get a conclusion like (4), we have to interpret some logical or mathematical concepts (e.g., disjunction and addition in (1) and (3)) into real operations or properties in the real world (i.e., composing physical systems and counting together), and then we need a posteriori or synthetic a priori justifications for our interpretations. That is, it is not the case that some statement previously thought to be a posteriori or synthetic a priori is now proved to be a logical truth by Frege. The statements (2) and (4) are still a posteriori or synthetic a priori, while the Kantians and naturalists can also agree that (5) is a logical truth when E is appropriately formulated. Because of this fact, whether or not (1) itself is a literal truth (or even a logical truth) is unimportant. We can treat (1) as a summary of some of our a posteriori or synthetic a priori knowledge about counting real things in the real world, that is, a summary of some instances like (2) and (4). We do not have to treat (1) as a literal truth in itself. This naturally leads us back to the formalistic understanding of arithmetic statements: Arithmetic itself is an uninterpreted formal system; when we apply it in counting some real physical things, the applicability is an a posteriori or synthetic a priori matter. The naturalistic account of applying arithmetic in counting real physical things follows this idea, although apriority and aposteriority are understood in the naturalized sense there.
(Recall that, in Sect. 7 above, I mentioned that the distribution law of conjunction to disjunction may not be applicable to microscopic particles. Therefore, this conclusion about arithmetic applies to some laws in classical propositional logic as well. However, this does not rule out the possibility that some laws in classical propositional logic are universally valid for all things, including microscopic particles. See Ye (online-d) for more discussions on the apriority of logic and arithmetic under naturalism.)
On the other side, from the philosophical point of view, the Fregean account of applying arithmetic has some serious disadvantages when compared with the naturalistic account. This is related to another major idea in Frege’s philosophy, namely, conceptual realism, or the view that there are mind-independent senses and thoughts, as abstract entities belonging to the third realm (Frege 1918). In Frege’s account, (1) refers to concepts and numbers as extensions of concepts, and concepts are referents of senses. Moreover, what is a logical truth is a thought, not a sentence. This is clearly ontologically more extravagant than the naturalistic and nominalistic accounts, because it posits mind-independent abstract entities such as concepts, numbers, senses and thoughts, which are supposed to belong to a third realm. More importantly, it unnecessarily introduces new epistemological and semantic puzzles by positing these entities. That is, positing the third realm causes philosophical difficulties while it is gratuitous and unhelpful for describing knowledge, reference and truth in the real world. Moreover, what is worse is that the Fregean detour from the physical world to an abstract world and then back to the physical world may hide some complex but genuine issues that a theory of knowledge, reference and truth in the real world must address. The detour may give one the illusion that those issues do not exist and that Frege already had a theory of knowledge, reference and truth.
First, there is the epistemological difficulty of how minds can have epistemic accesses to senses and thoughts as mind-independent entities. Frege says something like ‘we grasp thoughts’ (or ‘we apprehend thoughts’ in another translation). However, the word ‘grasp’ is merely used in a very vague, metaphoric manner. We can have a detailed description of how a hand grasps a physical object. How does a mind ‘grasp’ anything? Without any details, the claim that we can ‘grasp’ mind-independent thoughts is empty. A natural opinion is that for a mind to grasp a mind-independent thought P is just for the mind to develop, inside the mind, an idea that is structurally sufficiently similar (in some appropriate sense) to the thought P. In other words, if a mind has ‘grasped’ a mind-independent thought P, then it seems that the mind has to have, in some sense, an approximate copy of that thought P inside the mind; it could not be true that the mind is completely blank but somehow it has ‘grasped’ the thought P. However, in that case, positing the mind-independent thought P becomes gratuitous. For two minds to ‘grasp the same thought’ is just for the ideas developed in the two minds to be sufficiently similar to each other, and for two minds to communicate their thoughts is just for them to communicate their ideas. All explanations about the cognitive activities of a mind and the cognitive interactions between the minds will ultimately refer only to ideas in the minds. The alleged thought P as a mind-independent entity will play no real explanatory role. The claim that two minds have ‘grasped the same thought P’ will be merely a simplified and not completely accurate way of describing the fact that two ideas in the two minds are so and so and are sufficiently similar to each other in so and so aspects.
In contrast, under naturalism, we study how brains interact with physical things in human cognitive activities. This includes studying, for instance, how retinas receive light patterns and how neural networks perform pattern recognitions and recognize physical objects. This is how brains have epistemic accesses to physical things in human environments. Similar to what I have said in Sect. 5, in such naturalistic studies, we never need to ask which senses or thoughts as brain-independent abstract entities a brain ‘grasps’. Cognitive scientists never ask such questions. Concepts and thoughts (in the naturalistic sense) are themselves neural structures inside brains, directly playing their cognitive functional roles in the cognitive activities of the brains. Therefore, Frege’s detour to brain-independent thoughts merely introduces irrelevant entities. More importantly, epistemic accesses are direct interactions between brains and physical things in human environments, and they are extremely complex. A detour to brain-independent thoughts, together with the vague and metaphorical descriptions such as ‘we grasp mind-independent thoughts and thoughts are objectively true or false (of physical things)’, may hide the complexities in the physical interactions between brains and physical things and may give one the illusion that those vague and metaphorical descriptions are already a theory about human epistemic accesses to physical things. Compared with the naturalistic and scientific approach to studying human cognitions, that Fregean detour appears to come from a pre-scientific, subjective mode of thinking. It is more a result of subjective imagination, rather than a result of objective, scientific investigations.
In discussing how we could possibly grasp objective thoughts, Frege suggests, ‘something non-sensible, even without the co-operation of sense impressions, could also lead us out of the inner world and enable us to grasp thoughts’ (Frege 1918, p. 343). This is very vague. More importantly, Frege does not consider the more modest idea that the non-sensible is merely our own invention (which could also be objective to some extent, in the sense that our own inventions are constrained by our innate mental architecture including our form of sensibility and constrained by our intention to use them in describing physical things). Probably Frege believes that the applicability of mathematics in the sciences implies that the non-sensible could not be merely our invention and that it has to be something given to us from the outer world. However, this begs the question against the idea that applicability elevates mathematics to literal truths, or that applicability requires mathematics to be literally true. Under naturalism, the non-sensible are concepts and thoughts (as neural structures in brains) that do not represent physical things directly but play other (more flexible and abstract, and probably more important) cognitive functional roles. (They are also objective to some extent, in the sense that they are constrained by the innate cognitive architecture of human brains as a result of evolution, and constrained by the cognitive functional roles they play.) Then, as I have discussed in Sect. 5, it is pointless to insist that the non-sensible are results of ‘grasping’ something in the Fregean third realm by the brain. Such a claim is unscientific and useless for describing the cognitive activities of the brains. No working cognitive scientist will be interested in such a claim. It comes from taking the stance of a nonphysical subject and imagining what are in the external world. From the naturalistic point of view, it is a result of a pre-scientific, subjective manner of thinking, not a natural result of objective, scientific investigations.
Second, there is the semantic difficulty of how our words and sentences ‘express’ mind-independent senses and thoughts and how senses and thoughts ‘determine’ objects, (Fregean) concepts and truth values as their referents. According to Frege’s idea, our minds ‘grasp’ senses and thoughts and assign them to words and sentences (while obeying some compositional rules), and senses and thoughts ‘determine’ their referents independently of minds and human cognitive activities. However, words like ‘determine’ are again empty labels, if nothing substantial is given regarding how exactly a mind-independent sense will ‘determine’ some physical objects but not others as its referents. In the naturalistic study of how some word tokens (e.g., tokens of ‘cat’) are connected some physical objects (i.e., cats) as their referents, we see that there have to be many natural facts, events, and regularities as the necessary conditions for the existence of such a reference connection between word tokens and their referents. For instance, intuitively, the necessary conditions for the tokens of ‘cat’ to be connected with cats should include the historical events of using the tokens of ‘cat’ by English speaking people and the fact that human brain neural networks can consistently perform pattern recognitions and classify cats as a distinctive category. These conditions must be extremely complex. For instance, what makes the tokens of ‘cat’ connect with cats alone but not all cat-look-alikes? However, these are genuine complexities in human cognitive activities, which are extremely complex natural phenomena. Addressing such genuine complexities in the real world should be the main task of a theory of reference. Besides, the genuine connections are between the tokens of ‘cat’ and the brains of English speaking people and between those brains and cats. (Note that even if you assume that there are minds independent of brains, you still have to agree that the connection from ‘cat’-tokens to brains and then to cats is genuine.) Now, the Fregean theory of reference again goes a detour. It posits a sense of ‘cat’ as a mind-independent (and brain-independent) entity and uses vague and metaphorical descriptions such as ‘we grasp senses and senses determine referents’ to describe the connections among them. Such vague and metaphorical descriptions hide the genuine complexities in the reference relation in the real world. Compared with the naturalistic approach to studying reference, the Fregean theory again appears pre-scientific (although the naturalistic approach is not a mature theory yet).
The Fregean objection to the so-called psychologism also appears pre-scientific when examined carefully under naturalism. Indeed, being true is different from being held true by some (or all, or most) people. However, consider this scenario. You want to figure out what the Chinese word ‘mao’ means. You observe that Chinese speaking people frequently point to cats and say ‘that is mao’ under daylight, but occasionally some of them also point to squirrels in dark and say ‘that is mao’. Would you insist that ‘mao’ means squirrels and that most tokens of the sentence ‘that is mao’ held true by Chinese speaking people are objectively false? That is clearly absurd. What ‘mao’ refers to should depend on how Chinese speaking people actually use the word tokens of ‘mao’. At least some (and maybe even most) sentence tokens held true by people have to be true for their words to be meaningful. That is, for sentence tokens, being true cannot be completely independent of being held true. The real complexity is: which sentence tokens held true by people should be considered reference-fixing sentence tokens and are guaranteed true, and which sentence tokens held true by people could be false based on the referents of words fixed by other sentence tokens held true by people? Of course, there may not be any clear borderline between the two classes of sentence tokens held true by people, and that is exactly the genuine complexity in reference and truth in the real world. 
The Fregean account will posit an objective thought expressed by ‘that is mao’ and claim that that objective thought is true or false objectively, independently of what are held true by people. This only shifts the complexity to the following question: what determines that a sentence token of ‘that is mao’ expresses the thought that is objectively true of cats, but not the one that is objectively true of squirrels? An answer to this question again has to depend on how people actually hold the sentence tokens true and it has to depend on such natural facts in a very complex manner. As a scientific abstraction and simplification to suppress details and focus on an aspect of nature that interests us, it is useful to imagine an objective thought expressed by all those sentence tokens and ignore all the complex conditions that hook those sentence tokens to real physical things. In doing this, we actually assume that we have already figured out the complex conditions that connect the tokens of ‘mao’ with cats and exclude squirrels or other cat-look-alikes. Then, we imagine that there is an entity, the sense of ‘mao’, which somehow embodies all these conditions and can therefore ‘determine’ the referents of ‘mao’ by itself. After that, we can ignore the details in reference and study Tarskian recursive rules for the truth conditions of sentences. That is what we do in formal logic. However, in science, when we similarly introduce idealizations such as mass points in mechanics or stereotypical firms in micro-economics, we are fully aware that these things are fictional and that we should not talk about these fictional idealizations if the details are relevant or are even our main concern. In the theory of reference and meaning, the complex conditions that hook ‘mao’ to cats (but exclude squirrels or other cat-look-alikes) are exactly our main concern. Frege’s detour from words and sentences to allegedly mind-independent (and brain-independent) senses and thoughts and then back to real things in the world misses these genuine complexities in reference and truth in the real world. Therefore, it misses the real problem that a theory of reference must address.
Finally, note that my intention here is not simply to say that naturalism is right and so Frege’s philosophy is wrong. I am emphasizing that the naturalistic approach to studying reference, truth and the applicability of mathematics reveals many complex but genuine details in the real world, and it allows us to develop real theories with rich content by our hard technical work, while the Fregean speculations on senses and thoughts in the so-called third realm are idle and empty so far, and the Fregean accounts of mathematical applications miss some important details (regarding the fact that most applications are using infinite mathematical models to approximate strictly finite physical things) and are seriously flawed. Even if you do not think that the naturalistic approach can give the whole story about human minds (for instance, Chalmers and other property dualists insist that phenomenal consciousness will elude such an approach), you would most likely still agree that human brains can do what the naturalistic approach says they can do, and these will likely include all aspects of human mathematical cognitive activities (vs. phenomenal experiences) that interest philosophers of mathematics and logicians. That is, the positive results of the naturalistic approach should be acceptable to you even if you do not accept the negative claim of naturalism. Then, after the naturalistic approach is fairly mature (even if still far from complete), you would probably agree that the Fregean philosophical speculations are misguided.
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